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1 Real line and its subsets
2 Topology and metric spaces

3 Classes of sets (continued)

Remark: Different classes C may generate the same o-field. To see this, take C; C o(Cy)
and Co C o(Cy), then o(C;) = o(Cy). In particular, it’s easy to show that Bg = o(C*),
where we define C* = {(a,b] : a,b € R}. In fact, it follows immediately from the equation:

(_OO’ C] = Uzozl(_n> C]'

Definition 3.1 Let {E,}22, be an arbitrary sequence of subsets of Q. Then define
imE, :={xr € Q:x € E, for infinitely many n € N}

and
mFE, :={xr € Q:2 € E, for all but finitely many n € N}.

Note: limF, C limFE, and
(i) z € imE, iff vn € N Im > n s.t. x € E;
(i) € imFE, iff 3N e Nst. Y¥n > N z € E,.

Theorem 3.1 For any sequence {E,} C €2,

(i) ImE, = () | Ewm;

n=1m=n

n=1m=n
Proof: Let us show (ii). Suppose x € limFE,,, then AN s.t. for all m > N, x € E,,. Therefore,
z € () _y for some N € N, which implies that z € ., (o_, En.
Conversely, suppose = € |07, (\o_ Ep,, then 3N € N s.t. « € (| -_y Enn. Therefore, for all
m > N, x € E,, thus z € lim F,,. Proof of (i) is left as an exercise.

Definition 3.2 A sequence {E,} is called convergent if lim FE, = lim E,,.



Definition 3.3 A sequence {E,}5° is called a monotone increasing (decreasing) sequence if
E, C E 1 (E, D E,11, respectively) for all n.

Theorem 3.2 A monotone increasing (decreasing) sequence is convergent and

lim F,, = U E, (lim E, = ﬂ E,, respectively) )

Proof: Suppose {F,} is monotone increasing, then for any given N > 1 and Vk < N,
UN_ E., = Ey. Thus, |J>_, E,, does not depend on k. Therefore,

m=k
e~ (VU e -NUE-U*
n=1m=n n=1m=1 m=1
On the other hand,
lim F,, = U ﬂ E, = U
n=1m=n =

Thus, imE,, = limE,, = Uzozl E,,. The proof for a monotone decreasing sequence is analogous.

Definition 3.4 For any set E, the indicator function of E is given by

W=t ={ g 157

Properties:

(a) x,(7) < x,p(v) Vo <= EC F.

(b) Xz(z) = Xp(2) Vo <= E = F.

(€) Xy =05 xy = 1.

(d) Xy s, (@) =Ty, (2) = min ¥, (2); X (@) = max x,, (@).

1<i<n 1<i<n
n

(e) for disjoint {E;}1, Xup_, 5, (r) = Z X, (T)-

i=1
Definition 3.5 A ring is a non-empty class R of subsets of the space €1, s.t. E,F € R =
FUFeRand E—F eR.

Theorem 3.3 A ring contains . A ring is closed under the formations of finite unions and

finite intersections.

Proof: Take arbitrary £ € R, then ) = E — E € R. Note also that VF € R, ENF =
E — (E — F) € R, then proceed by induction.



Alternative definitions: Let R be a nonempty class of subsets of 2 which is closed un-
der formation of

(i) unions and proper differences; or

(ii) intersections, proper differences and disjoint unions.

(A difference A — B is called properif B C A.)

Then R is a ring.

Proof: (i) follows from F — F = (EUF) — F.

(ii) follows from FUF = (E— (ENF)U(F—(ENF)U(ENF).

Theorem 3.4 A field is a ring of which the entire space € is a member, and conversely.

Definition 3.6 A semiring is a class P of subsets of €2 such that
(i) 0 € P;
(i) VE,Fe P= ENF €P;

(iii) VE, F € P, then E — F = U E; for some n € N, where {E;}", are disjoint sets of P.
i=1

Example: Let P = {(a,b] : a,b € R}. Then P is a semiring (but not a ring).
Proposition 3.1 For any class C there exists a unique smallest ring R(C) containing C.

(We'll say that R(C) is the ring generated by C.)
Idea behind the proof: Take the intersection of all the rings containing C and show that such

an intersection is a ring.

Question: Does there exist a (unique) smallest semiring containing a given class C? No.

Proposition 3.2 Let {E,}52, be a sequence of sets of a ring R, and E = J.~, E, (E may
not be in R). Then
(i) E =, F, =limF,, where F,, =J _, E,, (n=1,2,...) form a monotone increasing

sequence of subsets of R;
(ii) E = U, Gn, where G,,’s are disjoint sets of R such that G, C E,, Vn.

Proof: (i) is obvious. To prove (ii), let G; = F; and G,, = E,, — U;”:_ll E; for all n > 2. Clearly
G, C E, for all n. Since G,, is disjoint from E4,..., E,_1, we have that G, is disjoint from
Gi,...,Gpn_1. Moreover, G, € R and | J—, G,, = E. Thus, (ii) holds.

Definition 3.7 A ring R is called a sigma-ring if R is closed under countable unions.

It’s easy to show the existence of a o-ring generated by a given class C. Let us denote it by

S(C).



Proposition 3.3 (i) Let C,Cqy be two classes of subsets of Q with Cy C C, then S(Cy) C S(C)
and a(Co) C o(C); (ii) VE C 29, S(R(E)) = S(€).

Proof: To prove (i), note that Co C C C S(C) C o(C), thus S(Cy) C S(C) and a(Cy) C a(C).
To prove (ii), note that R(£) D &, implying that S(R(E)) is a o-ring containing &, thus
S(R(€)) D S(E). On the other hand, S(€) is a ring containing £, thus S(€) D R(E). Therefore,
S(€) is a o-ring containing R(E), and we obtain that S(£) D S(R(E)). Thus, S(&) = S(R(E)).

Proposition 3.4 If C is a non-empty class of subsets of Q, any set in R(C) can be covered
by a finite union of sets in C. That is, if E € R(C) then In € N, 3Fy,..., F, € C such that
EcU, F.

Proof: Let G be the class of those sets which can be covered by some finite union of sets from
C. It’s easy to show that G is a ring containing C. Thus, G D R(C).

Proposition 3.5 Let P be a semiring. Then R(P) = L, where
L= {E = UEZ {E;}!, € P are disjoint,n € N} .
i=1

Proof: £ € L = E € R(P). Hence, L C R(P). To show the opposite inclusion, it is sufficient
to show that £ is a ring. Note that £ is closed under the formation of (finite) disjoint unions.
Moreover, L is closed under the formation of finite intersections, since VE, F € L, there exist
disjoint sets {F;}7_, € P, and disjoint sets {F}}7, € P, st. E = J_, E; and F = (J_, F},
and oo
EnrF=JJEnE),
i=1j=1
where (E; N F;) € P and the sets (E; N F;) are disjoint for (z,7) € {1,...,n} x {1,...,m}.
Finally, £ is closed under the formation of differences, since

E—-F=U", (E, - UT:le> = Ui, m;‘nzl (Ez - FJ)>

where N7L, (E; — F}) are disjoint sets (i = 1,...,n). Thus, if we can show that F; — F; € L,
then (by the above proved properties of £) we will have that £ — F' € L. But E;, F; € P,
thus, by definition of a semiring, there exist {4;}£, € P st. B, — F; = U~ A and {A;}-,
are disjoint. Thus, Vi, j, we have that F; — F; € £ and the desired result follows.

The following classes of sets are widely used and may be useful to us later on.



Definition 3.8 M is a monotone class of subsets of () if for every monotone increasing or
decreasing sequence {E,}5°, € M, lim E,, € M.

Remark: Any o-field is a monotone class. Conversely, if a monotone class is a field, then it’s
a o-field. Also, take an arbitrary C C 2. Then 29 is a monotone class containing C. The
intersection of all monotone classes containing C is again a monotone class and it’s the smallest
monotone class containing C (i.e. it’s the monotone class generated by C, denoted by M(C)).

Proposition 3.6 If F is a field then M(F) = o(F).

Definition 3.9 A class D of subsets of Q) is called a D-system (Dynkin system, or A-system)
if the following conditions hold:

(i) Q € D;

(ii) VE, F € D s.t. E C F implies that F' — E € D;

(iii) V{E,} € D s.t. E, 1 E implies that E € D.

Exercise: Show that a class D is a D-system iff D contains €2 and is closed under the formation
of complements and countable disjoint unions.

Definition 3.10 A non-empty class £ of subsets of  is called a w-system, if £ is closed under

the formation of finite intersections.



