Stat 620, Fall 2005
September 15

1 Real line and its subsets
2 Topology and metric spaces
3 Classes of sets

4 Measures

4.1 Measure on a semiring. Extension to a ring

Let Q # () and let C be a class of subsets of 2. A function p : C — E is called an E-valued set
function. Let us focus on the case when F = R = [~o0, +00].

Definition 4.1 A set function p defined on C is called additive if for all E, F' € Cs.t. EUF € C
and ENF =0, W(EUF) = p(E) + pu(F).

n n

Definition 4.2 p defined on C is called finitely (countably) additive if M(U E;) = ZM(E,)

i=1 1=1

(“(U E) = Z,u(EJ) for all disjoint sets E; € C, i = 1,2,..., whose union UE, € C

i=1
(G E; € C)
i=1

Definition 4.3 p is called a finite set function on C if |u(E)| < oo VE € C. p is called o-finite
onCifVE e C HE,}2, €Cst. EC,—, E, and |u(E,)| < co.

Definition 4.4 Let p,v be two set functions defined on classes Cy, C respectively. Suppose
Co C C and u(E) =v(E) YE € Cy, then v is said to be an extension of p to C, and p is said to

be a restriction of v to Cy (written v|e, = p).

Definition 4.5 A measure is a non-negative, countably additive set function p defined on a
semi-ring P s.t. u(0) = 0.

Note: u(@) = 0 in the above definition follows from countable additivity except in the case
when u(E) = co VE € P, since if 3F € P s.t. u(E) < oo, then E = EUQ U --- U, thus

w(E) = p(E) + pn(d) + w(d) + ..., implying that p(0) = 0.
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If a measure p, as a set function on P, is finite (or o-finite), u is referred to as a finite
(o-finite), measure.

It is often convenient to define a set function, with certain properties, on a small class C of
sets, and then extend it to obtain a set function on a much larger class of sets (like o-ring S(C)).

Example: Consider a semiring P = {[a,b) : a,b € R} and define a set function y: R — R by
w([a, b)) = |b —a| = length of [a,b).

Then p is a (finite) measure on P and one wants to find a natural extension of y to a ring
R(P). By a proposition proved earlier,

n

R(P) = {U[ai, bl> : [ai, bl) N [CLj,bj) = (Z) Vi % j, Vn € N},

i=1

and it’s natural to extend p to R(P) by defining

v (U[%,@')) = ZM([aiabi))

i=1 i=1

for all n € N and all disjoint intervals [a, b;), ..., [an, by) C R.
Similarly, the extension of i to R(P) is constructed for the case when P is an arbitrary semiring.

Theorem 4.1 If pi is a measure on a semiring P, then there exists a unique extension v of p
to R(P). Moreover, v is a measure on R(P) and if u is finite (or o-finite) on P, then v is
finite (o-finite) on R(P).

Remark on Sums: Suppose (2 is a countable set, say Q = {wq,wo, ...}, and let f: Q — [0, 00)
be such that the limit

s:= lim (f(w1) + flwa) + -+ f(wn)) < o0.

n—oo

Suppose also that Q = {w;,w,, ...}, then

lim (( () + (W) -+ () = s

n—~o0

(Le. the order of summation of non-negative terms does not matter.)
Since the order of summation of non-negative terms does not matter, we will often write

> fw)

we

simply

for a countable (2 and a non-negative f.



Proposition 4.1 For an arbitrary measure p on a ring R, the following properties hold:

(i) 1 is monotone, i.e. YE, F € R such that E C F, u(E) < p(F).

(i) p is subtractive, i.e. VE, F € R such that E C F, u(F — E) = pu(F) — u(E).

(iii) pu is countably subadditive on R, i.e. V{E;}32, € R such that ({J;2, E;) € R, the following
inequality holds:

4.2 QOuter measures

Definition 4.6 A monotone set function pu* : 2 — [0, +-00] is called an outer measure if the
following conditions hold:

(i) p*(0) = 0, and

(ii) p* is countably subadditive on 29, i.e. V{E;}2°, € 22 w*(U;s, Bi) < >.00, w*(E;).

Definition 4.7 Given an outer measure p*, define a class
Sy i={E€2?: y*(A) = p*(ANE) + (AN E°) VA € 29},
The sets belonging to S, are called u*-measurable.

Note that () and Q are p*-measurable for any outer measure p* on 2.

Simple examples of outer measures:

(1) Put p*(E) =0 for all E € 2. Then u* is an outer measure and S, = 2.

(2) Take Q = {a,b} and put p*(0) = 0, p*({a}) = p*({b}) = 1, p*() = 3/2. Then p* is an
outer measure and S,» = {0, Q}.

(3) Take € = {a,b,c} and put p*(0) = 0, p*({a}) =1, w({b,c}) = 2, p*({0}) = pw*({c}) =
3/2, p*({a,b}) = p*({a,c}) = 5/2, p*(2) = 3. Then p* is an outer measure and S, =
{0,9,{a},{b,c}}.

Proposition 4.2 VE, F' € S+, VA C Q,

(i) W”'(A) = (ANENF)+ p(ANENF)+ pu (ANE‘NF)+ p (AN E°N F°);

(i) fr(AN(EUF)=p (ANENF)+p*(ANENF)+ p*(ANENF);

(iii) If ENFE =0, then p*(AN(EUF))=p*(ANE)+ pu*(ANF).

Note: direct comparison of (7i) and (i7i) in the above proposition leads to the following
equation: VE, ' € S, and VA C (Q,

pH(A) = (AN (EUF)) + p (AN (B U F)Y). (1)



Theorem 4.2 S,- is a o-field. If {E,}°, € Sy is a disjoint sequence and E = J;°, E;, then
W (E) =37 W (E;). Thus p*|g , is a measure on Sy».

Given a measure p on a ring R, our objective now is to find an outer measure p* with the
property that p*|, = p.

Definition 4.8 Given an outer measure p on a ring R, define a set function v, such that
VE C

inf{zu(E,-) (| JE)DE.E eR Vi= 1,2,...}, if H{E}E, eR st EC|JE;
=1

14 =1 i=1

M(E) =

00, otherwise.

Theorem 4.3 v, is an outer measure and v,|, = p.

4.3 Extension of measures from rings to generated o-rings

Let 1 be a measure on a ring R and v, be an outer measure generated by f, given by Defini-
tion 4.8. Let S,, be the corresponding o-field of v,-measurable sets.

Proposition 4.3 R C S,,, implying that S(R) C S,, and c(R) C S,,.

Thus, we can immediately deduce that v,,| S(r) 1s a measure extending 1 on R to S(R).
Is the extension to S(R) unique? The answer is ’yes’ if p is o-finite on R. The proof of
uniqueness requires the following fact:

Proposition 4.4 Let C be a non-empty class of subsets of Q0 and let D°(C) be the smallest class
containing C which is closed under the formation of proper differences and countable disjoint
unions. If C is closed under the formation of (finite) intersections, then D°(C) = S(C).

Theorem 4.4 Let p be a measure on a ring R. Then there exists a measure fi on S(R)
extending p. If p is o-finite on R, then [i is the unique such extension of p to S(R) and is
itself o-finite on S(R).

Remark: We have seen that v, ) is a measure on o(R) extending measure p from the
ring R. Suppose that u is o-finite. Is the extension of p to o(R) unique? In general, the
answer is no’. For example, take Q = {a,b,c} and R = {0, {a,b}}. Define a measure x on
R by u(@) =0, u({a,b} = 1. Consider F(R) = o(R) = {0,Q,{a,b},{c}} and put 14 (0) = 0,
1({a,b}) =1, 1 ({c}) = 0 and v1(Q) = 1. Also, put 15(0) =0, 1u({a,b}) = 1, 1u({c}) =1 and
v5(2) = 2. Then clearly, vy = v, = on R (and S(R)), but vy # v, on F(R) = d(R).
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Summary: We showed that starting with a measure 1 on a semiring P, an extension may be
obtained to a measure v on R(P). v can then be extended to a measure fi on S(P) = S(R(P)).
The extension from p to v is unique. The extension from v to [ is unique, provided v is o-finite
on R. This will be so if p is o-finite on P. Thus,

Theorem 4.5 Let pu be a measure on a semiring P. Then there exists a measure i on S(P),
extending . on P ((E) = w(E) if E € P). If  is o-finite on P, then [i is the unique extension
to S(P) and is itself o-finite on S(P).

Lebesgue Measure: Take Q@ = R and let P = {(a,b] : —00 < a < b < oo}, and define
V(a,b] € P,
M (a, b} =b—a.

Suppose we can show that A is a o-finite measure on P. Then, by previous theorem, there
exists a unique extension A of A to S(P). Note that S(P) should contain

—+00

R= |J (nn+1].
Therefore, S(P) = o(P) = Bg. Measure A (uniquely) defined on the class of Borel sets is called
a Lebesgque measure.
Lebesgue-Stieltjes Measures: Take (2 = R and let F' be any finite-valued, non-decreasing
function on R, such that F' is right-continuous at all points. Let P = {(a,b] : —0o < a < b < oo}
and define V(a, b] € P,
Ar{(a, b} = F(b) — F(a).

Then, by similar arguments, one can show that there exists a unique extension Ar on Bg of a
given measure A\ on P. Such a Ap is called a Lebesgue-Stieltjes measure on By corresponding
to the function F.

Probability measures: A measure p defined on a field F is called a probability measure if
1(€2) = 1. Then, by the preceding theorem, there exists a unique extension fi on o(F) = S(F)
which is a probability measure on o(F).



