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In general, given a measure p on a o-ring S, it is often possible to have a set £ € § with
w(E) = 0, but whose subset F'is not in S, i.e. F' C E and F ¢ S. Then, u is not defined for
such subsets F' of sets of measure zero. One of the objectives of this section is to ”enlarge”
or "complete” the o-ring S to include all subsets of sets of measure zero, and extend u to a

measure on that completed o-ring.

Definition 4.4.1 If for all £ € § with p(E) = 0, every subset F' C E satisfies the condition
F € S, then measure i on the o-ring § is called complete. Otherwise, u is called incomplete
on S.

We will show that a measure p on a o-ring & may be completed by slightly enlarging the o-ring.

Theorem 4.4.1 Let i be a measure on a o-ring S. Define the class S by
S={EUN:EcS,NcC Aforsome Ac S with u(A) =0}.
Then S is a o-ring. A measure i may be defined on S by
MEUN)=puE), where E€S, NCA, AeS, u(A) =0.

71 is then a complete measure on S, extending pn on S.



Thus, a measure y on a o-ring may be extended to the ”slightly larger” o-ring S to give a
complete measure, called the completion of . The completion is unique on S. In fact the

following result holds:

Proposition 4.4.1 Let p be any measure on a o-ring S, and @@ be the completion of p on the
o-ring S. If v is an extension of ju to a complete measure on a o-ringT (T D S), then T D S,
and v extends i (i.e. v(E) = (E) when E € S).

Remark: Consider the Lebesgue measure A\ defined on By (the class of Borel sets). Then its

completion \ on Bg is also called a Lebesgue measure, whereas the class
BR:{EUNZEEBR,NCAEBR,)\(A) :0}
is called the class of Lebesgue measurable sets.

Theorem 4.4.2 [f i is a measure on a ring R, and { E,}22, is a monotone increasing sequence
of sets in R such that im E,, € R, then p(lim E,) = lim,, o p(Ey).

Theorem 4.4.3 If 11 is a measure on a ring R, and { E,, }5°, is a monotone decreasing sequence
of sets in R of which at least one has finite measure, and if im E, € R, then p(lim E,,) =

lim,, .o u(Ey).

Definition 4.4.2 A set function p defined on a class C is said to be continuous from below at a
set B € C if for every monotone increasing sequence { £, }22 ; € C such that lim F,, = F, we have
that lim,, .o u(E,) = p(E). A set function p defined on a class C is said to be continuous from
above at E € C if for every monotone decreasing sequence {E,,}°°, € C such that lim E,, = F
and |pu(E,,)| < oo for some m € N, lim,,_,o p(E,) = p(E).

Thus, a measure is continuous from above and from below at every set in its ring of definition.

Next, we will formulate a result known as the ”Approximation Theorem”, which essentially
states that in the case of a o-finite measure on a ring R, any set of finite measure in S(R) may

be approximated ”in measure” by a set of R.

Theorem 4.4.4 Let R be a ring and p be a o-finite measure on S(R). Then VE € S(R) with
u(E) < oo, and Ve > 0 IF € R such that u(EAF) < e.

Note that, from the approximation theorem, it follows that any Borel set B € Bg = S(R(P)),
where P = {(a,b] : —0o0 < a < b < oo}, with finite Lebesgue measure, can be approximated
(in the sense of the Lebesgue measure) by a finite union of disjoint intervals (a, b].



4.5 Probability Spaces

Definition 4.5.1 The triple (Q, F, ), where F is a o-field of subsets of €2, 1 is a measure on
F, is called a measure space. The pair (€2, F) is usually referred to as a measurable space, while

any set F € F is called measurable (or F-measurable if there is any possible ambiguity).

Definition 4.5.2 A measure space ({2, F, P), where P is a probability measure on F, is called
a probability space, elements of F are called events, (2 is called a sample space, points in () are

called elementary outcomes.

Examples of probability spaces:
1. ([0,1),{0,[0,1),[0,1/3),[1/3,1)},\), where X is the length of an interval. This could be

used as a probability model for tossing a biased coin once, where ’tail’ is twice more likely to
occur than "head’; with ’head’=[0,1/3) and ’tail’=[1/3,1).

2. Probability model for n tosses of a fair coin. The simplest probability model for n tosses of
a fair coin is given by (Q, F, P), where

Q={wi= (i1, -, in) xix €{0,1},k=1,...,n;i=1,...,2"}, F = 2 and the probability

measure on F is defined by
1 Zzn

(Here (0,0,1,0,1,1,1) denotes the event that in 7 tosses, first, second and fourth tosses were

"tails”, while the rest were "heads”.)

3. Probability model for an infinite sequence of coin tosses. In order to introduce a prob-
ability model for an infinite sequence of coin tosses it is convenient to consider binary digit
expansions:

Each 0 < w < 1 may be written as

w = io: 51;(:))7
=1

where, for every i € N,

<.
|

5i(w) = [T(w - 5j2(‘;’) )] —0or L

1

Here [z] denotes the integer part of x (or the greatest integer which is less than or equal to z).
Proof of binary expansion: Note that §;(w) = [2w] =0 for 0 < w < 1/2 and §;(w) =1 for
1/2<w<1,and 0 <w — 361 (w) < 5 for all w € [0,1). Let

—~ 9j(w)
=2 "5
j=1
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which is the nth binary approximation to w. Suppose inductively that 6;(w) = 0 or 1 for
J=1,...,k and that

1
0<w—w, < o
for some k£ > 1. Then
1
0, if 0<w—wr < ——
) k+17
Orri(w) = [277(w —w)] = 1 2
1, if 2k+1§w (,¢J].€<2—]C

Ot 1
21~c+1 2k+1 '

0<w—wki1 =w—wg —

Thus, by induction, for all n > 1,

1
Taking n — oo, we obtain that w = lim w,,.
]
Take a sample space 2 = [0,1) and a field
F={la1,01) U+~ Ulam,by) : [a;,b;) N[aj, b)) =0 Vi#£j, meN, 0<a; <b <1 Vi}.
Regard the set {w € Q:6;(w) =1} as an event "head on jth toss”. Note that
1
{we:§(w)=1} = [5,1) e F,
11 3
Q: =1} =[-,-)uU[5,1
lweQidw) =1 =[,5)ul 1) eF,
11 31 53 7
wen: & =1r=[5 Ul 5 Ul DUlL ) eF

Naturally, {w € Q: §;(w) =0} is 1nterpreted as ”taﬂ on jth toss”.
If C =lay,b)Ulag,by) U---Ulam,by) € F, then define

m 1

P(C)=> (b—a;) = / Io(w)dw,

i=1 0
where the indicator Io(w) = 1ifw € C, and Io(w) =0if w ¢ C.
Proposition 4.5.1 Foriy,...,i, =0 or 1,

1
PlweQ:01(w) =i1,...,0,(w) =ip} = o
Proof: Note that
, , — i ~ip 1
{weQ:0(w)=i,....0wWw) =i, ={we: 2—]’1 §w<22_l;;+2_n}7
k=1 k=1
which is an interval of length 1/2.
]



