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5 Measurable functions and transformations

5.1 Properties of Measurable Transformations

Let T be a transformation from a subset D of a space ) into a space €. (ThatisT : D — ')

Definition 5.1 The inverse image TG of a subset G C ' is defined by:
T7'G:={weD:T(w)e G}

Proposition 5.1 Let T : D — ', where D C Q. Let G,H,G;, i =1,2,..., be subsets of (V.
Then
NG -H)=(T"'G) - (T"'H),
) T (U G,) Gy, (i) (ﬂ G; ) ﬂ Gy,
i=1 = =1
(iv) ~'@). In particular, if D =, then T™HG°) = (T7'G)".



Notation: Let G be a class of subsets of 2. Then
T7'¢:={T"'G:G e g}

Theorem 5.1 Let T be a transformation from D C € into Q. Let S be a o-ring of subsets of
Q. Then TS is a o-ring in Q. (If D = Q and S is a o-field of subsets of ', then T71S is a
o-field of subsets of €).)

Theorem 5.2 : Let (2, F) be a measurable space and let T' be a transformation from a subset
of 2 into Y. Then the class

G ={GCcQ:(T'G)e F} is ao—ring.

Definition 5.2 Let (2, F) and (£, ') be measurable spaces, and T is a transformation from
a subset of Q into '. Then T is called F/F'-measurable (or, simply, measurable, if there is no
possibility of confusion) iff T-'(F') C F, i.e. (I'"'G) € F whenever G € F'.

Remark: Note that the domain D of definition of a measurable transformation must be a
measurable set. Namely, let T : D — Q' be a F/F'-measurable transformation, then D =
(T7'Y) e F.

Theorem 5.3 : Let (4, F1), (2, F2), (s, F3) be measurable spaces. Let Ty be an Fy/Fs-
measurable transformation from Dy C Qy into Qo, Ty be an Fo/Fs-measurable transformation
from Dy C Qo into Q3. Then the composition (Ty o T})(w) := T5(T1(w)), defined on all w € D,
such that Ty (w) € Dy, is an Fy/Fz-measurable transformation.

Theorem 5.4 : Let (Q,F), (2, F') be measurable spaces, and C is a class of subsets of €V
such that S(C) = F'. Let T be a transformation from a subset of Q into Q. Then T is
F | F'-measurable iff (T7'G) € F for all G € C.

5.2 Measures Induced by Transformations

Theorem 5.5 Let (2, F, ) be a measure space, (¥, F') be a measurable space, and T be a
measurable transformation from a subset D of Q into . Then the set function uT—' defined
on F' by

(TG = w(T™'G), VG e F

15 @ measure on JF'.

Definition 5.3 pT7! is called a measure induced on F' from u on F by a measurable trans-
formation 7.



5.3 Measurable Functions

Let R = RU{—o00}U{+o00} and By := {B, BU{+00}, BU{—00}, BU{—cc}U{+0} : B € Bg}.
It’s easy to see that B is a o-field. By is called the extended Borel o-field.

Definition 5.4 Let (Q, F) and (R, Bg) be measurable spaces and T be a transformation from a
subset of Q into R. If T is F/Bg-measurable, then T is called a measurable (or F-measurable)
function. If in the above definition, (R,Bg) is replaced with (R,Bg), T is called a Borel

measurable function.

Proposition 5.2 Bg = S({{oc},{—0},(—00,a] : —¢ < a < o0o}) and

Br = S({R, [0, a] : —00 < a < c0}).
Application of theorem 5.4 gives the following criteria for measurability of functions:

Theorem 5.6 Let (2, F) be a measurable space, f be a function defined on a subset D C ).
Then the following conditions are equivalent:
(i) f is measurable;
(ii) f~H{oo} € F, fH{—o0} € F and either:
(a) f~1(B) € F VB € Bg, or (b) f7}(—o00,a] € F Va € R;
(1ii) D € F and {w € D : f(w) <a} = f'[~oc0,a] € F for all a € R.

Note: The set (—o0,a] in part (b) of the above theorem may be replaced by (—o0, a) or [a, 00)
or (a,00) and "real a” may be replaced by "rational a”. Similarly, the set [—o0, a| in part (i)
may be replaced by [—00,a) or [a,o0] or (a, 0] and "real a” may be replaced by "rational a”.
Condition D € F is important in (4i7) since f~![—o0, 00| = D.

Example: The simplest example of a measurable function on (£, F) is given by xg = Ig
(indicator) of a set E, where E € F.

Definition 5.5 For any extended real function f defined on a subset of 2, put

fr(w) =max{0, f(w)}, f-(w):=—min{0, f(w)} Y.

Functions f,, f_ are called positive, negative part of f respectively. Note that f = f, — f_ and
|fl = fr+ [-

Let us fix a measurable space (2, F) for the remainder of this section.

Theorem 5.7 If f,g are measurable functions and ¢ € R, then cf, f+g, fg, f/g, max(f,g),
min(f, g), f+, f—, |f| are all measurable functions.



Theorem 5.8 Let {f,}>2, be a sequence of measurable functions on . Then

sup fn, inf f,, limsup f,, liminf f,

n—oo

are all measurable.

Theorem 5.9 Let {f,}>2, be a sequence of measurable functions on ). Let E be a set of all
w for which f,(w) converges (to a finite or infinite value). Then E is a measurable set and
f(w) :=lim,_ fu(w), defined on E, is a measurable function.

5.4 Random Variables

Definition 5.6 Let (€2, F, P) be a probability space and (E, ) be a measurable space. Sup-
pose T': ) — FE and T is F/E-measurable, then T is called an E-valued random variable. Then

the induced measure pp := PT~! on &€ is a probability measure on &£, since
(PT"Y)E)=P(T 'E)=P{weQ:T(w) € E})=P(Q) =1

(PT~Y) is called a probability law (or, a probability distribution) of an E-valued random variable
T.

Definition 5.7 If (E,€) = (R, Bg), an E-valued random variable is called an extended real
random variable. In the case of (E, ) = (R, Bgr), an E-valued random variable is called a (real)

random variable.

Examples: 1. Take Q = [—1,1], F = By = Be N [-1,1], P = 1)\, where X is the Lebesgue
measure on F. Then (2, F, P) is a probability space. Let X(w) = |w| for all w € Q. Then X
is a random variable and it’s probability law on Bg is given by:

px(B) = (PX H)B)=P(X 'B)=P{weQ: X(w) € B}) = %)\({w €[-1,1]: |w| € B})

for all B € Bg. In particular, for B = (—o0, x|,

[0, ifxé]0,1],
’LLX(_OO’:C]_{QJ, if x € [0,1],

which is a Uniform probability law on [0, 1].
2. Take Q = [-1,1], F = Bj_13) = Br N [—1,1] (as before), but now let P = % (5{_1} + 5{1}),

where VF € F,
0, ifc¢F,
01} (F) :{ 1, ifceF.
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Then (2, F, P) is a probability space. Let X (w) = |w| for all w € Q. Then X is a random
variable and its probability law on Bg is given by:

px(B)=P(X'B) = P{w e Q: X(w) € B}) = %(5{—1}”{1})({60 € [-1,1] : |w| € B}) = 6(13(B)

for all B € Bg. Note that P(X =1) = P({w € Q: X(w) = 1}) = 1 in this case.

5.5 Simple Functions and Characterization Theorem

Definition 5.8 Let (€2, F) be a measurable space. If Fi,..., F, € F are mutually exclusive
subsets of  and ¢i, ..., c; € R, then a function f of the form:

is called simple (or, F-simple). (Note that simple functions are measurable.)

Theorem 5.10 (Characterization Theorem): If (Q, F) is a measurable space, then a function

f:Q — R is measurable iff 3 F-simple functions g1, ga, ... for which

lim g,(w) = f(w)

n—oo

for all w € Q.

Corollary 1: If f > 0, then {g,}>°, is an increasing sequence of non-negative simple functions
such that g,(w) T f(w) for all w € Q.

Corollary 2: If f is bounded, then lim sup |g,(w) — f(w)| = 0.
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