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6.1 Lebesgue integral of a nonnegative simple function

Let Sy be the class of nonnegative simple functions on a measure space (€2, F, u), i.e. the class
of functions f of the form:
f=calp +-+cplp,

where ¢y, -+, ¢ € [0,+00], and Fi, .-, F, € F form a finite partition of 2.

Definition 6.1 For an arbitrary f = Zle cilp, € Sy, define

[ fan= [ in= zijcmw)

Note: In the above definition and in the remainder of the section, we set the convention
00(0) = 0. The Lebesgue integral for class S, is well-defined, since: 1) ¢; > 0 (note that u need
not be finite); and 2) If there is a second representation f = ajlg, + -+ anlg,,, then for any
pair (i,7), either F; N G; = 0 or else ¢; = a;, thus,
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Theorem 6.1 (i) For arbitrary f,g € S,, and a,b € R,

/(aerbg)du:a/fd,qub/gdu.



(ii) For all f,g € Si such that f(w) > g(w) for all w € €,

/fdu > /gdu-

(i3i) If (f,)S2 is an increasing sequence in S, and f(w) :=lim, . fn(w) > g(w) for allw € Q,
where g € S, then

lim [ fodp > / gdp.

6.2 Lebesgue integral of a nonnegative measurable function

Definition 6.2 By characterization theorem, for every nonnegative measurable function f de-

fined on €, there exists an increasing sequence of functions f, € Sy, such that f,(w) T f(w) for

all w e Q. Thus, define
/fd,u = lim /fnd,u.

Note: In the above definition, the limit exists due to property (ii) of Theorem 6.1. The
integral will be well-defined once we show that the value does not depend on the choice of the

approximating sequence.

Definition 6.3 For a measurable f > 0 defined on 2 and an arbitrary E € F, let

[E fip= [ f1zdn

This set function is called the indefinite integral of f.

Theorem 6.2 Let f,g > 0 be measurable functions on Q.

(i) For all a,b >0,
/(af+bg)du:a/fdu+b/gdu.

(i) If f(w) > g(w) for all w € ), then

/fdu > /gdu-

(i11) If f > 0 is a measurable function on 2 and E € F such that u(E) = 0, then

/Efd,u:().



6.3 Lebesgue integral of more general classes of measurable func-
tions

Definition 6.4 Consider measurable functions f = f, — f_ defined on Q, with f, := max(f,0)
and f— := —min(f,0), such that both [ fidu < oo and [ f_du < co. Such functions f are
called integrable and the Lebesgue integral of f is defined as:

/fdu = /f+du—/f—du-

The indefinite integral of integrable f, for E € F, is then defined by [, fdu = [ fIgdp.

Definition 6.5 Consider measurable functions f = fi. — f— on Q, such that [ fidp < oo
but [ f_du = oo, then define [ fdu := —oo. On the other hand, for a measurable function
f=[fr—[f-onQ, suchthat [ f_dp < oo but [ frdp = oo, define [ fdp = cc.

Definition 6.6 We say that a given property holds almost everywhere with respect to p (a.e. (1))
on §2, if the set of w’s where that property fails has measure p equal to 0.

Proposition 6.1 Let [ be integrable function on €.

(i) If E, F are disjoint measurable sets, then [, . fdu= [, fdu+ [, fdu.

(i) For E € F with p(E) = 0, it follows that [, fdu = 0.

(iii) If g is another measurable function and f = g a.e.(u), then [ fdu = [ gdu.

Since value of [ fdp is not affected by values of f on a set of measure zero, it is natural to
extend the class of integrands to functions defined almost everywhere on ().

Definition 6.7 Let Ly = L1(Q, F, i) be the class of all measurable functions f defined almost
everywhere on Q and such that f = g a.e. for some integrable function g. Then [ fdu := [ gdu.

Similarly, one extends definition of Lebesgue integral to integrands defined almost everywhere
on {2 in the case of functions from Definition 6.5.

Theorem 6.3 (i) If f € Ly then f is finite a.e.

(ii) If f € Ly then 3 finite-valued integrable g such that f = g a.e.

(iii) For all f,g € Ly and Ya,b € R, it follows that (af + bg) € Ly and [(af + bg)du =
a[ fdu+b [ gdp.

(iv) If f is a measurable function such that [ fdu is defined, and E € F with u(E) = 0, then
fE fdp =0.

(v) If f € Ly, g is measurable and f = g a.e., then g € Ly and [ fdp= [ gdu.

(vi) If f & Ly but [ fdu is defined, and g is measurable with g = f a.e., then g ¢ Ly but [ gdp
is defined and [ gdp = [ fdp (= £00).



Theorem 6.4 (i) For f,g measurable functions defined a.e., with f > g a.e. and such that
[ fdu and [ gdu are defined. Then [ fdu > [ gdpu.

(i) Let f € Ly and g be a measurable function defined a.e. and suppose that |g| < |f| a.e.
Then g € L.

Theorem 6.5 Let f be a measurable function defined a.e. Then the following conditions are
equivalent:

(i) f € Ly;

(i) both f. € Ly and f_ € Ly;

(iii) | f| € Ly.

Moreover, if f € Ly, then | [ fdu| < [|f|dp.

Theorem 6.6 (i) If f is a measurable function, f >0 a.e. and [ fdu =0, then f =0 a.e.
(ii) If f € Ly and fEfd,u =0 forall E € F, then f =0 a.e.

Corollary: If f,g € Ly and [, fdu = [, gdp for all E € F, then f = g a.e.

Theorem 6.7 If f € Ly, then p{w € Q : |[f(w)] > €} < oo for every e > 0 and the set
{w e Q: f(w) # 0} has o-finite measure.
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6.4 Convergence of integrals

Let (€, F, 1) be an underlying measure space.

Theorem 6.8 (Monotone Convergence Theorem) Let {f,} be a sequence of a.e. nonnegative
measurable functions each defined a.e. and such that f,(w) < fuoy1(w) a.e. for eachm > 1. Let
f be a measurable function defined and nonnegative a.e. on ), and such that f,(w) T f(w) a.e.
Then

lim [ f.du= /fd,u.
Corollary 1: For f € Ly, its indefinite integral is an absolutely continuous set function, i.e.

Ve >0 36 > 0 such that VE € F with u(E) < 6, it follows that | [, fdu| < e.

Corollary 2: Let {f,} be a sequence of (a.e.) nonnegative measurable functions defined (a.e.)

on Q2. Then > 0", fn is an (a.e.) nonnegative measurable function on 2 and

/(i:: fo)dp = i::/fndu-

Theorem 6.9 (Fatou’s Lemma) Let {f,} be a sequence of a.e. nonnegative measurable func-
tions each defined a.e. on . Then

liminf/fnd,u > /(liminf fn)dp.

n—~o0

Theorem 6.10 (Dominated Convergence Theorem) Let {f,} be a sequence of Li-functions
such that | f.| <|g| a.e. for some g € Ly, for eachn =1,2,.... Let f be measurable and such
that f,(w) — f(w) a.e. Then f € Ly and

s [ 15~ fldu=0.
Since U faudp — ffd,u‘ = U(f" - f)d,u‘ < [|fa = fldp, it also follows that

lim fnd,u:/fd,u.

6.5 Transformation of integrals

Theorem 6.11 (Transformation Theorem) Let (2, F, ) be a measure space and (', F') be a
measurable space and let T' be a measurable transformation defined (a.e.) on § into ', and f
a measurable function defined (a.e.) on Y. Then

fd(pT™") = /(f o T)dp,

Q Q



whenever f is nonnegative (a.e.), or (WIT'~1)-integrable, or f o T is u-integrable.

6.6 Some ramifications for probability theory

Let X be a r.v. on the probability space (€2, F, P). Let X, X_ be the positive and negative
parts of X. If at least one of the integrals [, X (w)dP(w), [, X_(w)dP(w) is finite, the integral
Jo X (w)dP(w) is well-defined and is called the expected value (or mean) of X, denoted by E(X)

or ptx. In other words,

E(X) ::/QX(w)dP(w)E/QX(w)P(dw),

whenever the integral is well-defined. In particular, if X € L; (or, equivalently, | X| € L;), then
E(X) is finite (and F|X| < 00).

Moreover, by the transformation theorem, if f is a measurable function on (R, Bg) and X is a
random variable on (Q, F, P), and either f > 0 a.e. (ux), or [g |fldu, < 0o, or E|f(X)| < oo,
where ux(B) = (PX~!)(B) is the probability measure induced on the Borel sets B € Bg by

the random variable X, then

E(f(X))E/Qf(X(W))dP(w)Z/Rf(x)dux(x)-

Note also that theorems on convergence of integrals immediately give theorems for conver-
gence of expectations for sequences of random variables. For example, if (X,,),>1 is a monotone
increasing sequence of nonnegative random variables in the probability space (2, F, P) such
that X, (w) T X(w) almost surely (i.e. almost everywhere, or with probability one) for some
random variable X, then F(X,) — E(X) as n — oo. (This is a "probabilistic” version of
the monotone convergence theorem. Similar formulations can be obtained for the dominated
convergence theorem and the Fatou’s lemma.)
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6.7 Lebesgue integration on the real line

For all Borel measurable functions f, monotone convergence theorem gives that
[iran=tm [ i
R n—00 [—n,n]
where ) is the Lebesgue measure on the Borel sets. Thus, in particular,

feliff lim | fldA < 0.
n—oo [_77/7”}
In practice, one often deals with a function f which is Riemann integrable on every finite
interval. We will show that it then follows that

/[a’b} fdx = /ab f(z)dz

where the integral on the right is the (familiar from calculus) Riemann integral, and therefore

n

/fd)\_ hm f+( )dx — lim f-(z)dz

n—~0o0
—n

if at least one of the two limits is finite.

The point is that it is easiest to evaluate the Lebesgue integral by Riemann procedure when
possible. However, there are functions which are Lebesgue- but not Riemann-integrable on [a, b].
Riemann integrability: Consider a finite interval [a,b]. Consider a finite partition

={a=20 <z < - <z = b} of [a,b]. If fis a bounded function on [a,b], say
|f(z)] < M for all a < a < b, let

S0.2)= Y[, inf, 1) =iy

and

Z[ sup  f( )]( —xj-1).

zj_1<z<zx;

Further let S.(f) := supS (f,Z) and S*(f) = i%fS*(f,I). Then f is said to be Riemann-
integrable over [a, 0] iff S (f) = S*(f), in which case



Theorem 6.12 If f is Borel measurable and Riemann-integrable over [a,b], then

ijf(z)dx:::/Lb}fdA.

Example (Computation of Lebesgue integral through Riemann integration):

/ e %d\ = lim e %d\ = lim e %dr=lim(1—e")=1.
[0,00)

Example (Function which is Lebesgue integrable on [0, 1] but not Riemann-integrable): Define
function f on [0, 1] by

1, itz e,
ﬂ@_{o,ﬁx¢Q

Then f = 0 a.e.(\), thus [, fdA = 0. However,
S.(f,T) =0, S*(f,T) =1

for all finite partitions Z of [0, 1], thus S.(f) # S*(f), implying that f is not Riemann-integrable
on [0, 1].

Note: In general, even if f is Riemann-integrable on every finite interval, the Lebesgue integral
of f over R may fail to exist. Also, the existence of the limit lim, .o, [” f(x)dz does not imply
existence of the Lebesgue integral fR fdX\. For example, consider

sm(x)’ if 2 >0,
flz) = v
0, if x <0.

Then f is Riemann-integrable on finite intervals and

lim (x)dx = / Sm(x)dx = z,
0 2

N—00
—n €

B sin(z) B
/[Rf+($)d)\ = /(0,+oo) max {O, " }d)\ = 400,

and, similarly, fR f-(x)d\ = +o0o, implying that the Lebesgue integral of f does not exist.
Indeed, note that for all n =0,1,2,... and Vz € [27n + %, 2n + g],

but

sin(x) - :
r 2mn+ %
Therefore,
. o . o 1 2
/f+d)\2/ wd)\:Z/ MCD\ZEZ;ZMXL
R UZO:O[27TH+%727TH+%] xz n—0 [27rn+%,27rn+g] x 3 n—=0 2 + 7T/2



