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Abstract

Multiple stochastic integrals of Huang and Cambanis [1978. Stochastic and multiple Wiener integrals for Gaussian

processes. Ann. Probab. 6, 585–614] with respect to a general Gaussian process X ¼ ðX t; t 2 TÞ, whose covariance function

is of bounded variation on bounded subsets of T� T, are considered. A product formula for the integrals is derived and a

necessary and sufficient condition for independence of multiple Huang–Cambanis integrals is obtained. As an illustration,

the results are applied to the special case of multiple integrals with respect to a persistent fractional Brownian motion.
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1. Introduction

The problem of finding necessary and sufficient conditions for independence of multiple stochastic integrals

in terms of their deterministic integrands was initially addressed by Üstünel and Zakai (1989) in the context of

the classical multiple Wiener–Itô integrals with respect to Brownian motion. The original question was aimed

at characterizing stochastic independence of nonlinear functionals of a Brownian motion, and subsequently

inspired a corresponding study of stochastic independence of nonlinear functionals of other stochastic

processes. It is well-known that L2-functionals of certain processes (e.g., processes generating independently

scattered random measures or possessing a martingale structure) admit chaos expansions, thus can be

expressed in the L2 sense as series of multiple stochastic integrals of various orders. Consequently, derivation

of independence criteria for multiple stochastic integrals represents a natural step en route to characterizing

dependence structure between nonlinear functionals of stochastic processes.
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In the case of multiple Wiener–Itô integrals with respect to a Brownian motion, Üstünel and Zakai (1989)

showed that independence of stochastic integrals is equivalent to the L2 orthogonality of one-dimensional

sections of corresponding pairs of deterministic symmetric kernels. The result sparked an interest in

establishing independence criteria for other types of multiple stochastic integrals. Most notably, Rosiński and

Samorodnitsky (1999) considered multiple integrals with respect to an a-stable random measure ð0oao2Þ and

showed that two such integrals are independent, if and only if the supports of one-dimensional sections of the

kernels are disjoint. Another independence criterion was obtained by Privault (1996, 1999) in the case of

multiple stochastic integrals with respect to a martingale M satisfying the structure equation d½M ;M�t ¼

dtþ ht dMt for some measurable deterministic function h. Namely, multiple integrals IMn ðf nÞ and IMm ðgmÞ of

orders n and m of deterministic symmetric kernels f n 2 L2ðRþÞ and gm 2 L2ðRþÞ with respect to ðM tÞtX0 are

independent if and only if the following two conditions hold:

(i)
R1
0

f nðt; x2; . . . ; xnÞgmðt;xnþ1; . . . ;xnþm�2Þdt ¼ 0 a.e. ðdx2 . . . dxnþm�2Þ and

(ii) f nðx1; x2; . . . ; xnÞgmðx1;xnþ1; . . . ;xnþm�1Þ ¼ 0 a.e. ðjhx1 jdx1 dx2 . . . dxnþm�1Þ.

The aim of the present paper is to establish necessary and sufficient conditions for independence of multiple

stochastic integrals with respect to a (general) Gaussian process, where neither orthogonal increments

property nor a martingale structure of the integrator is assumed. This class of multiple stochastic integrals was

originally introduced by Huang and Cambanis (1978). Note also that, in the special case when the Gaussian

integrator is a fractional Brownian motion (fBm), the multiple stochastic (fractional) integrals have also been

reintroduced via alternative (e.g., reproducing kernel Hilbert space and Wick calculus) methods and their

chaos expansions studied by Dasgupta and Kallianpur (1999a,b) and Duncan et al. (2000) and, more recently,

by several other authors.

The paper is organized as follows. Section 2 contains material on the definition and properties of multiple

Huang–Cambanis stochastic integrals and a derivation of the product formula for the integrals. Section 3

presents our main result on the independence criterion for multiple Huang–Cambanis integrals defined with

respect to a general Gaussian process. Finally, as an illustration, the result is applied to deduce the

independence criterion for multiple stochastic integrals with respect to fBm.

2. Huang–Cambanis integrals and product formula

Consider a Gaussian process X ¼ ðX t; t 2 TÞ defined on a probability space ðO;F;PÞ with zero mean and

covariance function gðt; sÞ, and parametrized by T, which is a finite or infinite interval of the real line. Assume

that gð�; �Þ is a function of bounded variation on bounded domains of T2 and X t0 ¼ 0 a.s. for some t0 2 T.

We denote by � a tensor product.

Consider the set En of all elementary functions f on T
n of the form

f ðt1; . . . ; tnÞ ¼
XN

i1;...;in¼1

f i1;...;in1Ai1
�����Ain

ðt1; . . . ; tnÞ,

where each Aik ¼ ðaik ; bik � is a bounded interval in T. (Note: the coefficients f i1;...;in need not vanish when two of

the indices i1; . . . ; in are equal.) For all f ; g 2 En define

hf ; gig;n ¼

Z

T
2

� � �

Z

T
2

f ðt1; . . . ; tnÞgðs1; . . . ; snÞgðdt1; ds1Þ . . . gðdtn;dsnÞ,

where the integration is carried out in the Riemann–Stieltjes sense. Then ðEn; h�; �ig;nÞ is an inner product space

and let us denote by L2
gðT

nÞ its completion. Also, define L2
gðT

nÞ to be the set of all measurable functions f on T
n

such that the following Lebesgue integrals
Z

T
2n

jf ðt1; . . . ; tnÞf ðs1; . . . ; snÞj jgjðdt1; ds1Þ . . . jgjðdtn;dsnÞo1
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and

Z

T
2n

jf ðt1; . . . ; tnÞj1A1�����An
ðs1; . . . ; snÞjgjðdt1;ds1Þ . . . jgjðdtn;dsnÞo1

are finite for all A1 � � � � � An 2 T
n, with each Ai � T being a bounded half open interval. Then it follows from

Huang and Cambanis (1978) that L2
gðT

nÞ is dense in L2
gðT

nÞ, and 8f ; g 2 L2
gðT

nÞ such that
R
T

2n jf ðt1; . . . ; tnÞ
gðs1; . . . ; snÞj jgjðdt1;ds1Þ . . . jgjðdtn; dsnÞo1, their scalar product is equal to

hf ; gig;n ¼

Z

T
2n

f ðt1; . . . ; tnÞgðs1; . . . ; snÞgðdt1;ds1Þ . . . gðdtn; dsnÞ,

where the integration is in the Lebesgue sense.

For any given function f 2 L2
gðT

nÞ, let us define a symmetrization of f by ef ðt1; . . . ; tnÞ ¼ ðn!Þ�1P
p

f ðtp1 ; . . . ; tpn Þ, where the sum is taken over all permutations p ¼ ðp1; . . . ; pnÞ of f1; . . . ; ng. Note that a typical

element in L2
gðT

nÞ is a limit point of a Cauchy sequence of functions from En and may fail to be a function.

However, due to the inequality kef k2g;npn!kf k2g;n, the definition of symmetrization can be extended by

continuity from En to L2
gðT

nÞ. Denote by L2
g;sðT

nÞ the class of elements f 2 L2
gðT

nÞ such that f ¼ ef . Similarly,

let L2
g;sðT

nÞ consist of all functions f 2 L2
gðT

nÞ that are symmetric.

For an arbitrary f 2 E1, f ðtÞ ¼
PN

1 f n1ðan;bn�ðtÞ, where ðan; bn� � T, define

IX1 ðf Þ :¼

Z

T

f ðtÞdX t ¼
XN

1

f nðX bn � X an Þ.

Then EIX1 ðf Þ ¼ 0 and EðIX1 ðf ÞI
X
1 ðgÞÞ ¼

R
T

2 f ðtÞgðsÞgðdt;dsÞ ¼ hf ; gig;1. Then IX1 can be extended to an isometric

isomorphism (also denoted by IX1 ) between the Hilbert space L2
gðT

1Þ and the linear space of X, HðX Þ, which is

the closed subspace of L2ðX Þ spanned by X t; t 2 T. Next let feig
1
i¼1 be a complete orthonormal system in the

pre-Hilbert separable space L2
gðT

1Þ and let f ðt1; . . . ; tnÞ ¼
P

1pkipkak1;...;knek1 ðt1Þ . . . ekn ðtnÞ be symmetric. Then

f 2 L2
g;sðT

nÞ and

IXn ðf Þ :¼
X

1pkipk

ak1;...;kn IX1
� ��1

ðek1Þ � � � � � IX1
� ��1

ðekn Þ

defines the nth order Huang–Cambanis integral of f with respect to ðX t; t 2 TÞ. (Here ‘�’ denotes the Wick

product and Wick powers in the sense of Simon (1974).) By denseness of L2
g;sðT

nÞ in L2
g;sðT

nÞ and EðIXn ðf Þ
2Þ ¼

n!kf k2g;n for f 2 L2
g;sðT

nÞ, the operator IXn can then be extended to a linear and continuous operator from

L2
g;sðT

nÞ to L2ðO;F;PÞ. Moreover, for arbitrary nonsymmetric f 2 L2
gðT

nÞ, define its Huang–Cambanis

multiple stochastic integral with respect to X by IXn ðf Þ :¼ IXn ð
~f Þ. The following properties of the multiple

Huang–Cambanis integrals (shown in Huang and Cambanis, 1978) are important here:

ðHC1Þ: For arbitrary f ; g 2 L2
gðT

nÞ, IXn ðaf þ bgÞ ¼ aIXn ðf Þ þ bIXn ðgÞ 8a; b 2 R.

ðHC2Þ: For all f 2 L2
gðT

nÞ, g 2 L2
gðT

mÞ, the integrals satisfy the equalities EðIXn ðf ÞÞ ¼ 0 and

EðIXn ðf ÞI
X
mðgÞÞ ¼

n!hef ; egig;n if m ¼ n;

0 if man:

(

ðHC3Þ: For arbitrary h 2 L2
gðT

1Þ, IXn ðh
�nÞ ¼ khkng;1Hn IX1 ðhÞ=khkg;1

� �
, where Hn is the nth Hermite

polynomial.

ðHC4Þ: I
X
n ðh

�n1
1 � � � � � h�nk

k Þ ¼ Pk
j¼1Hnj ðI

X
1 ðhjÞÞ for all orthonormal h1; . . . ; hk 2 L2

gðT
1Þ (i.e. hhi; hjig;1 ¼ 0

for all iaj and khjkg;1 ¼ 1 for all j), where n ¼ n1 þ � � � þ nk.
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Theorem 1 (Product formula). For all f 2 L2
g;sðT

nÞ, g 2 L2
g;sðT

mÞ,

IXn ðf ÞI
X
mðgÞ ¼

Xm^n

k¼0

k!
n

k

� �
m

k

� �
IXnþm�2kðf�g;kgÞ,

where �g;k denotes the kth order g-contraction defined by:

f�g;kgðt1; . . . ; tnþm�2kÞ :¼

Z

T
2k

f ðt1; . . . ; tn�k; s1; . . . ; skÞ

� gðs01; . . . ; s
0
k; tn�kþ1; . . . ; tnþm�2kÞgðds1;ds

0
1Þ . . . gðdsk;ds

0
kÞ

for all 1pkpðm ^ nÞ, f�g;0g :¼ f � g, and IX0 denotes the identity operator.

Proof. The proof is analogous to the proof of the product formula for the multiple Wiener–Itô integrals in

Shigekawa (1980). We will outline the key steps here. First, note that 8f ; g 2 L2
gðTÞ,

IX2 ðf � gÞ ¼ 1
2
IX2 ððf þ gÞ�2 � f �2 � g�2Þ

¼
1

2
kf þ gk2g;1H2

IX1 ðf þ gÞ

kf þ gkg;1

� �
� kf k2g;1H2

IX1 ðf Þ

kf kg;1

� �
� kgk2g;1H2

IX1 ðgÞ

kgkg;1

� �� �

¼ 1
2
½ðIX1 ðf þ gÞÞ2 � kf þ gk2g;1 � ðIX1 ðf ÞÞ

2 þ kf k2g;1 � ðIX1 ðgÞÞ
2 þ kgk2g;1�

¼ IX1 ðf ÞI
X
1 ðgÞ � hf ; gig;1.

Then, by Hnþ1ðxÞ ¼ xHnðxÞ � nHn�1ðxÞ and induction, it follows that 8nX1,

IXn ðf
�nÞIX1 ðgÞ ¼ IXnþ1ðf

�n � gÞ þ nhf ; gig;1 I
X
n�1ðf

�n�1Þ.

Further, by induction (on m), it is easy to check that for all n;mX1,

IXn ðf
�nÞIXmðf

�mÞ ¼
Xn^m

k¼0

k!
n

k

� �
m

k

� �
hf ; f ikg;1 Inþm�2kðf

�nþm�2kÞ.

Finally, after some elementary algebra and use of property ðHC4Þ, it follows that for all f ; g 2 L2
gðT

1Þ,

IXn ðf
�nÞIXmðg

�mÞ ¼
Xm^n

k¼0

k!
n

k

 !
m

k

 !
hf ; gikg;1I

X
nþm�2kðf

�n�k � g�m�kÞ

¼
Xm^n

k¼0

k!
n

k

 !
m

k

 !
IXnþm�2kðf

�n�g;kg
�mÞ.

Therefore, the product formula holds for any two functions in L2
g;sðT

nÞ that are powers (in the sense of �) of

functions from L2
gðT

1Þ. Linear combinations of such functions are dense in L2
g;sðT

nÞ, for all nX1, thus the result

holds for any two functions from L2
g;sðT

nÞ and L2
g;sðT

mÞ. &

In order to extend the product formula to the case of integrands f 2 L2
g;sðT

nÞ and g 2 L2
g;sðT

mÞ, which may

no longer be functions, one needs to extend the notion of the kth order g-contraction. First note that

8f 2 L2
gðT

nÞ,

kf�g;kf k
2
g;2ðn�kÞ ¼

Z

T
4ðn�kÞ

Z

T
4k

f ðx1; . . . ; xn�k; u1; . . . ; ukÞf ðx
0
1; . . . ; x

0
n�k; u

0
1; . . . ; u

0
kÞ

�

� f ðy1; . . . ; yn�k; v1; . . . ; vkÞf ðy
0
1; . . . ; y

0
n�k; v

0
1; . . . ; v

0
kÞgðdu1; du

0
1Þ . . . gðduk;du

0
kÞ

�gðdv1;dv
0
1Þ . . . gðdvk;dv

0
kÞ

�
gðdx1;dy1Þ . . . gðdxn�k; dyn�kÞgðdx

0
1;dy

0
1Þ . . . gðdx

0
n�k;dy

0
n�kÞ

¼ hq
f
; bq

f
ig;2npkq

f
kg;2nkbqf kg;2n ¼ kf k2g;n,
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where q
f
ðt1; . . . ; t2nÞ ¼ f ðt1; . . . ; tnÞf ðtnþ1; . . . ; t2nÞ and

bq
f
ðt1; . . . ; t2nÞ ¼ f ðt1; . . . ; tn�k; t2n�kþ1; . . . ; t2nÞf ðtnþ1; . . . ; t2n�k; tn�kþ1; . . . ; tnÞ.

Similarly one shows that 8f 2 L2
gðT

nÞ, 8g 2 L2
gðT

mÞ, the inequality

kf�g;kgk
2
g;nþm�2kpkf kg;nkgkg;m

holds for each 0pkpðm ^ nÞ. Therefore, denseness of L2
gðT

nÞ in L2
gðT

nÞ for all n allows to extend the definition

of �g;k for arbitrary elements f 2 L2
gðT

nÞ, g 2 L2
gðT

mÞ by continuity. Therefore, the following is an immediate

consequence of Theorem 1.

Corollary 1. For arbitrary f 2 L2
g;sðT

nÞ, g 2 L2
g;sðT

mÞ,

IXn ðf ÞI
X
mðgÞ ¼

Xm^n

k¼0

k!
n

k

� �
m

k

� �
IXnþm�2kðf�g;kgÞ.

3. Independence criterion for Huang–Cambanis integrals

Theorem 2. Consider arbitrary f 2 L2
g;sðT

nÞ, g 2 L2
g;sðT

mÞ, n;mX1. Then the following statements are equivalent:

(i) IXn ðf Þ and IXmðgÞ are independent;

(ii) f�g;1g ¼ 0 a.e. on T
nþm�2;

(iii) Covð½IXn ðf Þ�
2; ½IXmðgÞ�

2Þ ¼ 0.

Proof. Clearly, (i) implies (iii). To see that (iii) implies (ii), note that 8f 2 L2
g;sðT

nÞ, g 2 L2
g;sðT

mÞ, as in

Lemma 4.2 in Rosiński and Samorodnitsky (1999),

k gf� gk2g;nþm ¼
Xn^m

k¼0

n

k

� �
m

k

� �� �
nþm

n

� ��
kf�g;kgk

2
g;nþm�2k.

Taking into account property ðHC2Þ and the product formula, it follows that

E½ðIXn ðf ÞI
X
mðgÞÞ

2�Xn!m!kf � gk2g;nþm þ n!m!nmkf�g;1gk
2
g;nþm�2.

Therefore,

CovððIXn ðf ÞÞ
2; ðIXmðgÞÞ

2ÞXn!m!nmkf�g;1gk
2
g;nþm�2,

thus, (iii) ) (ii). Now let us show that (ii) implies (i). Let H f be the pre-Hilbert space in L2
gðT

1Þ spanned by

functions

s 7!

Z

T
2ðn�1Þ

f ðx1; . . . ; xn�1; sÞhðy1; . . . ; yn�1Þgðdx1; dy1Þ . . . gðdxn�1;dyn�1Þ

for h 2 L2
gðT

n�1Þ. Define similarly Hg. Then it is easy to see that if f�g;1g ¼ 0 a.e. then H f and Hg are

orthogonal. Moreover, f (respectively, g) can be expressed as a sum of tensor products of elements in H f

(respectively, Hg). Pick an orthonormal basis in H f and an orthonormal basis in Hg. Then, by property

ðHC4Þ, I
X
n ðf Þ (respectively, I

X
mðgÞ) can be written as a sum of products of Hermite polynomials (multiplied by

suitable constants) of the first-order integrals of the basis elements in H f (respectively, Hg). In view of the

isometry property of IX1 and orthogonality of H f and Hg, the first-order integrals of elements of H f must be

orthogonal to the first-order integrals of elements of Hg. Since the first-order integrals are Gaussian variables,

their orthogonality implies independence, which in turn implies independence of IXn ðf Þ and IXmðgÞ. &

Corollary 2. Let ðX t; t 2 TÞ be a fractional Brownian motion ðBH
t ; t 2 ½0;T �Þ with Hurst index H 2 ð0; 1Þ such

that Ha1
2
. Then, gðs; tÞ ¼ 1

2
ðs2H þ t2H � jt� sj2H Þ and ðq2=qt qsÞgðt; sÞ ¼ fðt; sÞ a.e., where

fðt; sÞ ¼ Hð2H � 1Þjt� sj2H�2.
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Thus, in the persistent case, i.e. when H4
1
2
, g is a function of bounded variation on ½0;T �2 and

gðdt; dsÞ ¼ fðt; sÞdtds. Therefore, IB
H

n ðf Þ and IB
H

m ðgÞ are independent, if and only if
Z

½0;T �2
f ðt1; . . . ; tn�1; sÞgðs

0; tn; . . . ; tnþm�2Þjs� s0j2H�2 dsds0 ¼ 0 a:e.

Note that in the anti-persistent case, i.e. Ho
1
2
, f is not integrable over ½0;T �2 and g is no longer a function of

bounded variation on ½0;T �2.

Remark. The independence criterion for multiple integrals with respect to a persistent fBm ðBH
t ; t 2 ½0;T �Þ,

obtained in the above Corollary, could also be deduced from the independence criterion, available for the

classical multiple Wiener–Itô integrals, with the help of the stochastic transfer principle established by Perez-

Abreu and Tudor (2002). Note, however, that no stochastic transfer principle currently exists in the case of

multiple stochastic integration with respect to a general Gaussian process.
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