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Abstract

Multiple stochastic integrals of Huang and Cambanis [1978. Stochastic and multiple Wiener integrals for Gaussian
processes. Ann. Probab. 6, 585-614] with respect to a general Gaussian process X = (X,,t € T), whose covariance function
is of bounded variation on bounded subsets of T x T, are considered. A product formula for the integrals is derived and a
necessary and sufficient condition for independence of multiple Huang—Cambanis integrals is obtained. As an illustration,
the results are applied to the special case of multiple integrals with respect to a persistent fractional Brownian motion.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The problem of finding necessary and sufficient conditions for independence of multiple stochastic integrals
in terms of their deterministic integrands was initially addressed by Ustiinel and Zakai (1989) in the context of
the classical multiple Wiener—It6 integrals with respect to Brownian motion. The original question was aimed
at characterizing stochastic independence of nonlinear functionals of a Brownian motion, and subsequently
inspired a corresponding study of stochastic independence of nonlinear functionals of other stochastic
processes. It is well-known that L?-functionals of certain processes (e.g., processes generating independently
scattered random measures or possessing a martingale structure) admit chaos expansions, thus can be
expressed in the L? sense as series of multiple stochastic integrals of various orders. Consequently, derivation
of independence criteria for multiple stochastic integrals represents a natural step en route to characterizing
dependence structure between nonlinear functionals of stochastic processes.
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In the case of multiple Wiener—Itd integrals with respect to a Brownian motion, Ustiinel and Zakai (1989)
showed that independence of stochastic integrals is equivalent to the L? orthogonality of one-dimensional
sections of corresponding pairs of deterministic symmetric kernels. The result sparked an interest in
establishing independence criteria for other types of multiple stochastic integrals. Most notably, Rosinski and
Samorodnitsky (1999) considered multiple integrals with respect to an a-stable random measure (0 <o <2) and
showed that two such integrals are independent, if and only if the supports of one-dimensional sections of the
kernels are disjoint. Another independence criterion was obtained by Privault (1996, 1999) in the case of
multiple stochastic integrals with respect to a martingale M satisfying the structure equation d[M, M], =
dt + h,dM, for some measurable deterministic function 4. Namely, multiple integrals IM(f,) and IM(g,,) of
orders n and m of deterministic symmetric kernels £, € L*(R,) and g,, € L*(R,) with respect to (M )i>0 are
independent if and only if the following two conditions hold:

(1) fa’of,,(t, X2 ooy X))ty X 15+ -« 5 Xnym—2)dt = 0 a.e. (dxz...dx,1,—2) and
(1) £ (X1, X2, « o s X)X 15 Xt 15« o s Xpm—1) = 0 @ce. (Jhy, [ dxy dxa ... dXppm—1).

The aim of the present paper is to establish necessary and sufficient conditions for independence of multiple
stochastic integrals with respect to a (general) Gaussian process, where neither orthogonal increments
property nor a martingale structure of the integrator is assumed. This class of multiple stochastic integrals was
originally introduced by Huang and Cambanis (1978). Note also that, in the special case when the Gaussian
integrator is a fractional Brownian motion (fBm), the multiple stochastic (fractional) integrals have also been
reintroduced via alternative (e.g., reproducing kernel Hilbert space and Wick calculus) methods and their
chaos expansions studied by Dasgupta and Kallianpur (1999a,b) and Duncan et al. (2000) and, more recently,
by several other authors.

The paper is organized as follows. Section 2 contains material on the definition and properties of multiple
Huang—Cambanis stochastic integrals and a derivation of the product formula for the integrals. Section 3
presents our main result on the independence criterion for multiple Huang—Cambanis integrals defined with
respect to a general Gaussian process. Finally, as an illustration, the result is applied to deduce the
independence criterion for multiple stochastic integrals with respect to fBm.

2. Huang—Cambanis integrals and product formula

Consider a Gaussian process X = (X, ¢t € T) defined on a probability space (2, %, P) with zero mean and
covariance function (¢, s), and parametrized by T, which is a finite or infinite interval of the real line. Assume
that y(-,-) is a function of bounded variation on bounded domains of T2 and X,, =0 a.s. for some 7, € T.
We denote by ® a tensor product.

Consider the set &, of all elementary functions f on T" of the form

.....

N
St = fi ity ety (115 1),
i 1

PO -

where each 4;, = (a;, b;]is a bounded interval in T. (Note: the coefficients f
the indices iy, ...,i, are equal.) For all f, g € &, define

..i, need not vanish when two of

et = [ [ S0 tdglore st ds) o dsy)
T2 T
where the integration is carried out in the Riemann-Stieltjes sense. Then (&, (-, -), ,) is an inner product space

and let us denote by Af,('[r”) its completion. Also, define Lf,('ﬂ'”) to be the set of all measurable functions fon T"
such that the following Lebesgue integrals

/ lf‘(tl; R [I’l)f‘(sh e >Sl1)| |V|(dt1ad51) e |V|(dtn>d5n)<oo
-l]'2n
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and

/7 (st Ly xexa, (S15 - - s)|p1(der, dsy) .. [yl (dey, ds,) < oo
'l]'_ﬂ

are finite for all 4| x --- x A4, € T", with each 4; C T being a bounded half open interval. Then it follows from
Huang and Cambanis (1978) that Lg(T") is dense in Ag(T"), and Vf,g € L?(T") such that [ [f(21,..., 1)
g(s1, ..., s)| IyI(dey, dsy) ... [y|(de,, ds,) < oo, their scalar product is equal to

(f) g)V,n = /2 f(tl 9ty tn)g(sln LR 9SH)V(dtln dS]) e 'y(dll’la dSI’l)v
‘l]' n

where the integration is in the Lebesgue sense.

For any given function f € A%(T”), let us define a symmetrization of f by f(ll, e ty) = (n!)’lz,I
f(tn,,...,tz,), where the sum is taken over all permutations © = (my,...,n,) of {1,...,n}. Note that a typical
element in Af,('[r”) is a limit point of a Cauchy sequence of functions from &, and may fail to be a function.
However, due to the inequality |[f||}2,’n<n!|[f||72,,n,
continuity from &, to Ag('[r”). Denote by Ais('[r”) the class of elements /" € Af,('[r”) such that f :f. Similarly,
let Lf,s(T”) consist of all functions f € Lﬁ('[r") that are symmetric.

For an arbitrary f € &, f(¢) = Zf/f”l(amb”](t), where (a,,b,] C T, define

the definition of symmetrization can be extended by

X . — > _
) = / FdxX, =3 £.(X, — X,,).
T 1

Then EI{ () = 0 and E(I{ (NI (9)) = [/ (D)g(s)y(dz,ds) = (f,g),1. Then I{ can be extended to an isometric
isomorphism (also denoted by / lX ) between the Hilbert space Af,('[rl) and the linear space of X, #°(X), which is
the closed subspace of L?(X) spanned by X, ¢ € T. Next let {e;}2, be a complete orthonormal system in the

,,,,,

fe Lg’x(T”) and

KO =Y i (1) ) oo (IF) (e,
1<ki<k
defines the nth order Huang—Cambanis integral of f with respect to (X,, ¢ € T). (Here ‘¢’ denotes the Wick
product and Wick powers in the sense of Simon (1974).) By denseness of L2 (T") in A} (T") and E(I}Y (f)?) =
n!l[f||>2,,n for f € L}%"Y(T”), the operator If can then be extended to a linear and continuous operator from
Ais('[r”) to L*(Q,7,P). Moreover, for arbitrary nonsymmetric f € /15,(1]'"), define its Huang—Cambanis

multiple stochastic integral with respect to X by IX(f) :=I¥ (). The following properties of the multiple
Huang—Cambanis integrals (shown in Huang and Cambanis, 1978) are important here:

(HC)): For arbitrary f,g € A%(T"), IX(af + bg) = alX(f) + blf(g) VYa,b € R.
(HC,): For all f € Ag('[r"), g€ A.f,(wrm), the integrals satisfy the equalities E(InX (f)) =0 and

N ,G)yn if m=n,

E(I; (NI;(9) = {0 if m#n

(HC3): For arbitrary he Ai('[rl), IX(h®") = W2ll%  H (I{(h)/lhll,,), where H, is the nth Hermite
polynomial.

(HCy): Iy (hf" @ -+~ @ ™) = I_ H,, (I{ (b)) for all orthonormal ...,k € AT (e. (hihy),; =0
for all i#j and ||/, , = 1 for all j), where n =ny +--- + ng.
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Theorem 1 (Product formula). For all f € Lix(w), ge Lis('[r’"),

IY(NIx(g) = }jw< )(M)ELW%U®MQ,

where ®, . denotes the kth order y-contraction defined by:

f®?r’,kg(tla HRE] ZI’H—H’I—Zk) = /jkf(tla ] tl’l—kasla e ask)
T2
X g(s/la ] S;(a ll1—k+1: LR tn+l11—2k)y(dsla ds/l) st V(dsk, dS;()
for all 1<k<(m A n), f®,09 :=f g, and I())( denotes the identity operator.

Proof. The proof is analogous to the proof of the product formula for the multiple Wiener—It6 integrals in
Shigekawa (1980). We will outline the key steps here. First, note that Vf, g € Lf,(T),

I ®g) = ((f + 9% — 1 — ¢®?)

L 2 If((f+g)> - <IiY(f)> 2 <I{((Q))]
= — H—————— ) — H — H
2DV+m“12Qv+mml AN TR A NPT

=3I+ 9 = I + 9l — AT O + W15, — dF @) + llgl}]
= N9 = (F9)-
Then, by H,.(x) = xH,(x) — nH,_(x) and induction, it follows that Vn>1,
InX(f®n)I{((g) = I,)l{+1(f®n ®¢g) +ni{f, g)y,] Iy)l(_](f@m_l)-

Further, by induction (on m), it is easy to check that for all n,m>1,

I;},(f@m)ln)g(f@m) Z k! ( ) (7:) (fsf)éi] 1n+m_2k(f®n+n172k).

Finally, after some elementary algebra and use of property (HC,), it follows that for all f,g € Li(Tl),

mAn
]))7(0”®” (g®’”) = Zk' < ) ( ) U g 7,1 n+m Zk(f®n_k ® g®"1—k)
mAn n m Y o ®
= Zk' k k In+m—2k(f ®%kg m).
k=0

Therefore, the product formula holds for any two functions in L2 J(T") that are powers (in the sense of ®) of
functions from L?(T ). Linear combinations of such functions are "dense in L (1), for all n>1, thus the result
holds for any two functions from L%S(TT”) and Lz,’S(T"’). O

In order to extend the product formula to the case of integrands f € Af’S(WT”) and g € /Lyz.’s(T’”), which may
no longer be functions, one needs to extend the notion of the kth order y-contraction. First note that
Yf € LX(T"),

”f@"/,kf”;zy,z(nfk) = A4<n—k) |: _[r4kf.(xl5~~'axn7kaula" uk)f(xla"' :«, k> u19~-'au;()
Xf.()}ls e 9yn—ka Ulyenns vk)f‘(y/la L) sy:f[fka U/la ceey U;g)’y(duladu/l) e y(dukadu;()
xy(dvy, dvy)... (dug, dv}c)} p(dxr, dyy) . p(dXi, Ay, )p(dxd, dy) - oo(dxg L dy) )

-~ -~ 112
= <q/»a q/ >}',2n< ||qf||y,2n||qf”y,2n = ”f”y’na
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where qf(tl, oty =1, ) (ttts - - -, 1) and
/q\/(llz L] IZn) Zf(ll LI ] ln—ka th—k-H: ] tzn)f(ln+1: L] t2n—k: tn—k+1: MR ln)
.. , 2/h 20m : ali
Similarly one shows that Vf* € Li(T"), Vg € L;(T™), the inequality
(VT Y | 177

holds for each 0 <k <(m A n). Therefore, denseness of LZ(T”) in A2 (T") for all n allows to extend the definition
of ®, for arbitrary elements f € Az(TF”) g€ Az(TF’”) by contmulty Therefore, the following is an immediate
consequence of Theorem 1.

Corollary 1. For arbitrary f € Ay (TN, g€ Ais(T’"),

Iif(f)lm(g) Z k'( ) (m>11{t(+m—2k(f®"/akg)-

3. Independence criterion for Huang—Cambanis integrals
Theorem 2. Consider arbitrary f € L (TM, g€ L S(T™), n,m=1. Then the following statements are equivalent:

(i) IX(f) and I*(g) are independent;
(i) f®,19 =0 a.e. on T2,
(ii)) Cov([Zy (NI, 1 (@)F) = 0.

Proof. Clearly, (i) implies (iii). To see that (iii) implies (ii), note that Vf € L2 (1), ge L?
Lemma 4.2 in Rosinski and Samorodnitsky (1999),

nAm n m n4+m
R Y
k=0

Taking into account property (HC,) and the product formula, it follows that
E[IYNDI@Y1Znmlf @ gl + nmlnml|f®,1912, 4, -

Therefore,
Cov((Zy (N, (@) = nlmlnm|lf ;1911312

thus, (iii) = (ii). Now let us show that (ii) implies (i). Let H, be the pre-Hilbert space in Lg(Tl) spanned by
functions

(T™), as in

V>

S f(xla v »xnfl’s)h(yla o 9yn71)y(dxladyl) <. "y(dxnfladynfl)

T2n=1

for h e Lﬁ(T"’l). Define similarly H,. Then it is easy to see that if f®,;9 =0 a.e. then H; and H, are
orthogonal. Moreover, f (respectively, g) can be expressed as a sum of tensor products of elements in Hy
(respectively, H,). Pick an orthonormal basis in H; and an orthonormal basis in H,. Then, by property
(HCy), IX(f) (respectively, IX (g)) can be written as a sum of products of Hermite polynomials (multiplied by
suitable constants) of the first-order integrals of the basis elements in H, (respectively, H,). In view of the
isometry property of I{ and orthogonality of H; and H, the first-order integrals of elements of H, must be
orthogonal to the first-order integrals of elements of H,. Since the first-order integrals are Gaussian variables,
their orthogonality implies independence, which in turn implies independence of I ff (f) and [ fi(g). O

Corollary 2. Let (X(,teT)bea fracttonal Brownian motion (B t € [0, T)) with Hurst index H € (0,1) such
that H#%. Then, y(s, 1) = (s + P — |t — s|*') and (az/atﬁs)y(l s) = ¢(1,5) a.e., where

(t,s) = HQH — 1))t — )12
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Thus, in the persistent case, ie. when H >%, y is a function of bounded variation on [0,T) and
y(dt, ds) = ¢(t,s)deds. Therefore, I fH(f ) and I sz(g) are independent, if and only if

2H-2
/ zf(tla"'alnflas)g(sla ln)"'al}’H*mszS_S/' deS/ = 0 a.c.
(0.7]

Note that in the anti-persistent case, i.e. H <%, ¢ is not integrable over [0, T and y is no longer a function of
bounded variation on [0, T7*.

Remark. The independence criterion for multiple integrals with respect to a persistent fBm (B, 1 € [0, T]),
obtained in the above Corollary, could also be deduced from the independence criterion, available for the
classical multiple Wiener—Ito integrals, with the help of the stochastic transfer principle established by Perez-
Abreu and Tudor (2002). Note, however, that no stochastic transfer principle currently exists in the case of
multiple stochastic integration with respect to a general Gaussian process.
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