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Abstract. Our objective is to study a nonlinear filtering problem for the observation pro-
cess perturbed by a Fractional Brownian Motion (FBM) with Hurst index 1/2 < H < 1.
A reproducing kernel Hilbert space for the FBM is considered and a ”fractional” Zakai

equation for the unnormalized optimal filter is derived.
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1. Introduction

The goal of nonlinear filtering theory is to estimate a signal process (X;),(0 < t < T)
observed in the presence of an additive noise. Consider a complete probability space
(2, F,P) and a family (F;);>o of right-continuous increasing P-complete sub-o-fields of
F. Let X = (X;,t € [0,T]) be a measurable, F;-adapted stochastic process with values in
a complete separable metric space S. The simplest model for the observation process (Y3)

is given by

t
Y, = / WX,)ds + By, 0<t<T, (1)
0

where (By) is a standard Brownian Motion (BM), h € C(S) satisfies

T
/0 B2(X,)(w)ds < 00 (P — a.s.). )



The classical model (1)-(2) can be written in the following form:

Yi(w) = Fi(X(w)) + Bi(w), t€[0,T], 3)

where {F;(X(w)),t € [0,T]} is (P- a.s.) an element of the Reproducing Kernel Hilbert
Space (RKHS) of the Brownian motion on [0, 7).

The objective of this paper is to investigate a nonlinear filtering problem in the case
when an additive observation noise exhibits a certain long-range dependence structure.
Namely, let (Bf,t € [0,T]) be a Fractional Brownian Motion (FBM) with (fixed) Hurst
index 1/2 < H < 1 and let #(B¥) stand for the RKHS of (Bf,¢ € [0,T]). We study the

following analogue of the model (3):

Yi(w) = F(X(w)) + Bf (w), t€[0,T], (4)

where {F(X (w)} € H(BH) for almost all w.

In Section 2 we present important properties of the RKHS #(B*) and give a more
explicit form to the observation model (4). Here we use the results on H(B*) obtained
by R.J.Barton and H.V.Poor [1]. In Section 3 we derive a Bayes’ formula for the optimal
filter for the observation model with FBM noise and state a corresponding ”fractional”
Zakai type equation for the unnormalized conditional expectation.

Let me give a few comments on other types of filtering models considered in the liter-
ature. Interesting results on linear filtering with FBM were obtained by Kleptsyna et al.
in [5],[6],[7], and Le Breton in [8]. As far as nonlinear theory is concerned, Coutin and
Decreusefond in [2] considered a nonlinear filtering model where both the signal and the
observation are solutions of a stochastic differential equation driven by a multidimensional
FBM. A nonlinear filtering model with FBM in the signal process (and a Brownian com-

ponent driving the observation process) was also investigated by Kleptsyna et al. in [4].



2. RKHS 7#(B¥) and the observation process model.

Let us fix a complete probability space (€2, F, P) on which all random processes are defined.
For a given H € (1/2,1), let B2 = (Bt € [0,T]) be a Fractional Brownian Motion with
Hurst index H. Namely, B has the following properties:

(i) B is a Gaussian process with continuous sample paths and stationary increments,

(ii) Bff =0, EBH =0 for all t > 0 and the covariance kernel is given by
HpH _ € 2H 2H 2H
Ru(ti,10) := BBy By, = 5 {[1[*" + |02 — [t — 127}, (5)

where
['(2 — 2H) cos(nH)
mH(2H — 1)

¢ :=Var(B) = -

It is well-known that B is self-similar with self-similarity index H, B is not a semi-

martingale and (since H € (1/2,1)) has a long-range dependence structure, i.e.

i Cov(B{', B}, — BY) = o0.
n=0
Let H(BH) denote the Reproducing Kernel Hilbert Space of B¥ = (Bt € [0,T7).
Then H(BH) satisfies the following conditions:
(i) H(BH) is a Hilbert space of real-valued functions on [0, 7],
(ii) V¢ € [0,T] Ry (-,t) = Cov(BH, BH) € H(BH),

(iii) Vg € H(B™) (g(), Rt (1)) 3y = 9(8)-

Specifically, by Theorem 4.4 in [1], for 1/2 < H < 1, H(BM) consists of functions of

the form:

t
g@=£¢@w@ﬁwt€Mﬂ, (6)



where g* € L%([0,T)),

st/ A H-1/2 H-3/2
vu (8, 1) = /T THE(T = s)7 0 AT (7)
F(H - %) s
and v.glagZ € %(BH)a
T
(o) = [ si(s)gs(e)ds (8)

Note that any g from H(B¥) has a derivative almost everywhere in [0,7]. And for almost

all ¢ € [0, 77, the relationship (6) between g and g* can be inverted:

50 =t ([ ke Zotryir) ©)

where

K(t,7) o= o (b )z Hr3—H, (10)

The observation model (4) can then be written as

t
Vi) = [ B s, 0ds + Bl (@), ¢e0.T), (11)
where
12-H [t
s,t) = B TH=12(7 — g\H=3/2 47
vl t) = gy [ 7 )
and h € C(S) satisfies
T
/0 R2(X,) (w)ds < 0o (P — a.5.). (12)

Let us also assume the following condition:

(X;) is independent of (B[). (13)



3. Bayes’ formula and ”fractional” Zakai type equation

Let (ftx ) be the natural family of X, (ftBH) be the natural family of B#. Since X
is independent of B#, we can assume that (X;) is defined on (O, FX, (F¥), PX), and
(BH) is defined on (QB", FB" (FB"), PB"), where Q = QX x QB" | F = FX x FB",
P = PX x PB". Define FX = FX x {0,98"}, FB" = {0,0%X} x FB" and put F} =

o{Ys,0 < s < t}. Let P¥ be the restriction of P to FY.

Theorem 1 Assume the conditions of the model (11)-(13). Then for any integrable and

ﬁ%—measumble function f, we have that (PY-a.s.)

() exp o (£) () P¥ (d)
E[fIF] @) = 2 , (14)

/~ exp{an (1) ()} PX (duf)
ax

where

and

k(s,7) = ————(s — T)%_HT%_H. (16)

Proof. The proof is based on the reference probability method. Let Q(-,w) be a version

of the conditional probability relative to .7-"%( on the o-field F}, i.e.

QA,w) = B(14| F7')(w) (P~ a.s.) (17)

for VA € FY. Then, for Vo' = (u/,v") € Q, A € FY,

Q(A,w') = 6y x PB"(A), (18)



where ¢,/ is a prob. measure on .7?7)5 with total mass concentrated at {u'}.

Moreover, under the law &, x PB" | (BH) is an FBM and
t
Yi(w) = / i (5, D)R(X5 (u'))ds + BH (w) (a.5.) (19)
0

for Vt € [0,T]. Define 7Y = FY v {all Q(-,w')—null sets in FX}. Then BH(w) and
Y;(w) are both ﬁty -adapted and, under Q(-,w’), are fractional Brownian motions with

mean functions zero and 3(¢;u’) respectively, where

t
Bty = /O (s, (X, (u))ds, ¢ € [0,T] (20)

Let

_ - T
OF = {ue 0¥ /0 B2(X, (u))ds < oo},

then ﬁx(ﬁg() = 1 and for Yu € ﬁé(, B(-;u) € H(BM). Let us denote by H(BIt) the
RKHS of B restricted to [0,%]. Then, for Vu € ﬁé( , B(-;u) viewed as a function on [0, ¢]
belongs to H(BH"). Let Qy = O xQP”. Fix ' = (v',v") € Q. Since Qo(B¥)~1(-,u') =
Q(,wo(BH) L and QoY ~!(-,w') = Q(-,w') oY ! are Gaussian measures on C[0, t] with

the common covariance kernel
¢ 2H 2H 2H
Rp(s1,82) = 5 {Is1]* + |so|*" — |81 — so|*"' }

and mean functions 0 and (8(s;u'),0 < s < t) from H(B#*), by Thm. 5A in [9], the two
measures are mutually absolutely continuous and the Radon-Nikodym derivative is given

by:

oy -1



where
(Y, 85 ) = (B ) + B A5 )y = 18(5 ) By oy + (B3 )),

and ¢ is the congruence satisfying the following conditions:
(i) ¢ - H(BHY) = L2(BHY),
(i) (R (- 5)) = BI for Vs € [0,1),

(i) E[¢(g)] = 0, Cov[¢(g1), d(92)] = (g1, 92)3¢(pr1ty-

Consider an orthogonal increment process (Z;) given by
t
Zy = / k(t,7)dBH, t e [0,T], (22)

0

with the kernel k(¢,7) defined by (10). Then one can show (see [1]) that

t 1
(BTt g}y = d(g) = / g (s)s"hdzZ, Vg e H(BMI).
0

For (-;u') € H(B""), the function h(X.(u')) plays the role of *(-;u'). Thus,

and
t
I85! By = [ ()] s

Let

(1)) 1= (Y (@), BC,0)), ~ 180, By oy (23)
Then

Oy = t o sH_% 1 t u')))%ds

o) = [ X5 Rz, 4 5 [ X )P, (24)



where

t t t
7, = / k(t, 5)dBY = / k(t, $)dY, — / k(t, )2 B(s, u)ds,
0 0 0 Js

and, in view of (9),

t t
Zt=/ k(t,s)dYs—/ saHp( X, (u))ds.
0 0

Therefore, we obtain that (24) has the following form:

aw®@) = [ 100 ([ Ko navie) - 3 [Beeras. @)

Consider the measure \,s on FY given by

s (-) = exp{ = () }Q(, ). (26)

Under Q(-,w'),

/Ot WX, ())sH~3dZ, ~ N (0, /Ot [h(Xs(ul))]st) _

Then ), is a prob. measure on F} and Y is a mean-zero FBM under ). Also Aut = Ay,

on FY, i.e. it doesn’t depend on '. Let us call it just A. By lemma 11.3.3 in [3], (\-a.s.)

() = T8 (1) = explan (1)),

which is F} x .7-"% -measurable, and for .7?1)1( -measurable and integrable function f,

W) explay (t) (@) }PX (du)

[ exp{an (£) (@)} BX (du)
QX

E[f1F] (w) = J (PY—as).



Remark 1 Bayes’ formula for the model (11)-(13) could be obtained directly from the
classical Bayes’ formula with the help of the following integral representation of the FBM
(Thm. 4.5 in [1]):

3(B;,0 <t < T)- a standard Brownian Motion such that V¢ € [0, 7],

t
BH (w) = /O v (s,0)dBy(w) (P — a..). (27)

Namely, let
B t
Vi(w) = /0 h(X,(@)ds + Bi(w) (P—a.s.) (28)

for ¢ € [0,T]. Then

Vi) = [ (s dVA(w), 0<t<T,

We can invert above relationship between Y and Y, (P-a.s.)

Y, = /OtsH—éd (/0 k(s,T)dYT> (29)

and note that FY = .7:37 for all t. Thus, E[f]|F}](w) = E]J f|.7-"37 ] almost surely, and using
a Bayes’ formula for the classical model (28) and equation (29), one obtains the desired

result.

Theorem 2 Assume that (X;) is an S-valued Markov process with the generator L with
domain D. Moreover, assume that the paths of (X;) are progressively measurable, and
Ep fOT |f(Xs)|?ds < oo for all f € Dy, where Dy consists of all f : S — R s.t. f1 defined
by fi(s,z) := f(z) belong to D. For f € Dy let us put (Lif)(z) := (Lf1)(t,x). For the
observation model (11)-(13) define

or(f,Y)(w) = /ﬁx £ (') exp{aw (1) (w) }PX (du), (30)



where

au b)) = [ B ))s b ([ kenavie) -3 | )]s (61

Then for all f € Dy, o1(f,Y) satisfies the following Zakai type equation:

t
doy(f,Y) = oy(Lef, Y)dt + oy (hf, V)t~ 2d / k(t,s)dY; (32)
0
with
]. 1 1
k(t,s) = (t—s)2 " Hga™H,
I'(3 - H)

Proof. The equation follows immediately from the Zakai equation for the classical obser-

vation model (28) and Remark 1.
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