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Shrinkage estimation for convex polyhedral cones
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Abstract

Estimation of a multivariate normal mean is considered when the latter is known to belong to a convex
polyhedron. It is shown that shrinking the maximum likelihood estimator towards an appropriate target
can reduce mean squared error. The proof combines an unbiased estimator of a risk difference with some
geometrical considerations. When applied to the monotone regression problem, the main result shows that
shrinking the maximum likelihood estimator towards modifications that have been suggested to alleviate
the spiking problem can reduce mean squared error.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Let y = (y,...,y,) denote a normally distributed random vector with unknown mean 6 and
covariance matrix ¢/, and suppose that 0 is known to belong to a closed convex polyhedron
Q C R". For such a model, the maximum likelihood estimator, 0 say, of 6 is the projection of y
onto ©, an operation that is described in some detail in the next section. The main result is that
shrinking 6 toward an appropriate target estimator 6 reduces the mean squared error.

The model arises in isotonic regression, in particular, where 2 is the set of non-decreasing
vectors, Q= {weR": —co<w;<---<w,<oo}. For this model the maximum likelihood
estimators 6; and 0, are biased, highly variable, and asymptotically inconsistent. Suggestions
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for alleviating this problem include simply replacing the first and last few 0;’s by their average.
Modifications of this nature date from Wegman (1970), for the related problem of density
estimation and can improve asymptotic performance. See, for example, Woodroofe and Sun
(1993) and Wu et al. (2001). As an application of the main result, it is shown that shrinking the
maximum likelihood estimator towards such a modification improves finite sample performance.

The main result is presented in Section 4. Sectlon 2 contains preliminary material on the
structure of 0, and Section 3 on the structure of 0 . Related results have been obtained by
Sengupta and Sen (1991) and Ouassou and Strawderman (2002). The main result here allows a
more flexible form of shrinkage, a flexibility that is needed for the application. Bock (1982) and
Wright (1978) made early contributions.

2. Preliminaries

Let Q CR" be a convex polyhedral cone. Specifically, suppose that there are linearly
independent yy,...,7,, € R" for which

={zeR": (y,2)20, j=1,...,m}. (D)

Thus m<n. Given y € R", let 0 = 0(y) be the projection of y onto Q, 0 = 0(y) = In(y), so that
ly — 0]l = infgpcelly — 0. Then

(v — 0,0) <0, )
for all 6 € Q. In fact, (2) holds for every 6 € Q for which 0+¢0 € Q for some ¢>0, so that
v LetG’L0>be toﬁe orthogonal complement of span {y,...,y,,}; let I' ={[y,...,7,] (n x m); write

(o =, ..,omn
and let d,,41,...,0, be an orthonormal basis for L. Then J;,...,d, is a (not necessarily
orthonormal) basis for R”, and (y;,d;) = 1 or 0 accordingly as i = j or i#j, since I"'[01,...,0,] =

I, and I'[0py1,...,0,] =0. So, if ze R" is written as z =" ¢;0;, then ¢; = (y;,z) for j =
l,....myand z € Qiff ¢y,...,¢,, =0. The sets {y;,...,7,,} and {J1,...,d,} have been called primal
and dual bases (for span{y,,...,7,,}) in Fraser and Massam (1989) and Meyer (1999).

Example (Monotone regression). In the monotone regression problem, Q is of form (1) with
m=n—1, y,=(-1,1,0,...,0),...,and y,_; = (0,...,0,—1,1)". After some routine calcula-
tions,

j .
5] - % ln - 1],
for j<n— 1, where I is a list of j 1’s followed by (n — j) 0’s for j = 1,...,n. In this example, L is
the linear subspace spanned by 1”.

Recall that 0 = é(y) is the projection of y onto 2, and write

n

0=>_ o, 3)

J=1
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where ¢; = ¢;(y) = (yj,9)>0 forj=1,...,m. Forsubsetsa C {1,...,m},leta ={1,...,m} — aand
B,={yeR":¢>0forjea & ¢ =0 forjeal}

From Meyer and Woodroofe (2000), the sets B, partition R”, and their boundaries are of Lebesgue
measure zero. Moreover, if y € B, then 0 is the projection of y onto span{d;, j € aU{m+1,...,n}},
and y—0 is the projection of y onto span{y;:je€a’}. If a={ky,...,k}, where 0=
ko<ki<ky<--- <k, <k,y1=@m+1)An, et

Xa = [5k1, e ,51(1_] (I’l X V). (4)

Then the projection operator onto span{d; : j € a}is P, = X (X, X )~ lX ', and H(V) P,y + mpy for
y € B,, where m;y is the projection of y onto L.

3. The target estimator

Now let ¢ be an integer for which 1 <f<m and that is fixed for the remainder of the paper.
Define the target estimator

n

0" =>" oy (5)

J=t+1

Equivalently, for y € B,, let a = {ki,...,k,} be as in (4) and let s denote the unique integer for
which k,<{f<k,,;. Then

r

0° = Z Ek/.ék,.-i- z": Ej5j9

j=s+1 j=m+1

where an empty sum is to be interpreted as zero. Thus,
S
0°=> @0k, and (y—0,0-0")=0, (6)
=1

since ();,0;) =0foriea® and jeaU{m+1,...,n}. In (5) £=1¢, does not depend on y; s
depends on «, but this dependence is suppressed in the notation to reduce the number of higher-
order subscripts. If £ = m, then 0" = = mzy is just the projection of y onto L.

Example (Monotone regression). After some algebra,

o [l ifj<e+1,
0, =o+

¢
N where @ = l Z(é,- - é[+1).
0, if otherwise, n-<3

Thus, 6 is constant for j<{ + 1, asin Wu et al. (2001). By relabeling y,,...,7,_;, it is possible to
construct target estimators 0 for which Qj is constant for j over other subintervals of 1,...,n, as
in Wright (1982) . It is known that such grouping improves asymptotic performance, under mild
conditions. The main results show that shrinking 0 towards an estimator of the form 0° can reduce
mean squared error in moderate samples.
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It is convenient to represent 0 — 0" in matrix notation. For y € By, let ¢* = [¢,,...,¢,], where
ki,...,k, are as in (4); that is, ¢* = (X, X,)"' X" y. Next, let
Iy 0O
0 O} '
Then M,c* =[G, .., 0,0-,0], XaMuc* =[Ok, ..,0k [k, 0.,0,...,0] =0 —0°, and,
therefore, 0 —0 = Q,y, where Q, = X M (X X)'X.

Two properties of Q, are relevant.

M= |

Lemma 1. For any a € {1,...,m}, Q> = Q, and tr(Q,) = s.
Proof. This follows from

02 = X M(X, X)X, X M X, X)' X, = X, M*X' X,)"' X, = 0,
and tr(Q,) = tr(M (X' X)) ' X' X)) =tr(M,) =s. O

An alternative statement of the second assertion is tr(Q,) = > io | H [(yl-,é — 90)], where H is the
Heaveside function H(x) = 0 for x<0 and H(x) = 1 for x>0.

From Meyer and Woodroofe (2000), 6 is Lipschitz continuous and, therefore, almost
differentiable in the sense of Stein (1981). The same is then true of 0. Let D= div(0 — g)o), the
divergence of the vector field 0 —0°; that is,

n

0 ~ ~o

D) =2 5 0= 0)0),
i=1 I

where the partial derivatives are understood in the sense of Stein (1981). Then, D is constant on

the interior of each B,,

~0

D(y) =tr(Q,) = Hl(y;,0—0)], (7)
i=1

but discontinuous on R".

Let y be the beta(2,2) distribution function, y(x) =0, 3x> — 2x3, or 1 for x<0, 0<x<1, or
x> 1, so that y/(x) = 6x(1 — x) for 0<x<1, and observe that xy/'(x) >0 for all x € R. Next, given
an £>0, let

V) =S Y(,7) and D) = W(Q ! ) ®)
i=1

&

for y,z € R".

Lemma 2. 0<D,(y)<D(y) for ¢>0 and lim, cD.,(y)= D(y) for all ye R". Moreover,
(VD.(»), Q,y)=0 on B, for each a < {1,...,m} and ¢>0.

Proof. The first two assertions are clear from (7) and (8). For the third assertion, first observe that

a m a m ,
P P(z) = le a—zjw(m, z)) = ; 7 (75 2)).
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So,

(VT(Z)52> = Z Z yljlp/(('yi’Z))Zj Z l//( yl’ yl’ a
j: i=1

for all z € R". On the interior of any B,, D.(y) = Y(Q,y/¢), VD.(y) = (Q,/e)V¥(Q,y/¢) and,
therefore,

o= {a(32) ) o (@) ) (o) 2o

since Qf, =Q, O

4. Shrinkage estimation

Known ¢°. Suppose first that 6> = 1 is known, so that y ~ Normal(0, I,) for some unknown
0 € Q. Let g be an absolutely continuous, non-decreasing function on [0, co) for which 0<g<2;
and let

.

=0+ |1—(,—2), dWO=01D 5 4

+ 1= (D, —2), R ( ),

where (D, — 2), := max{0, D, — 2}.
Alternatively,

0.(v) = 0(y) — h(»), 9)
where

2 2

h) = (Do) — 2 g(l0 = 0°1%) - P — (D g(nQayu) .

) = (D) )+7”9_9”2( )= (Dy(y) = 2), ———- T 0.y
and

IO = (Do) — 2>+2]g2|(|”QL“T|'2'2),

on B, for each a. When ¢ =0, 0, and h, will be denoted simply by 0 and h. A role of g here is to
ensure that 0, € Q. For example, if £>3 and g(w) = min{2, w/(£ — 2)}, then

g(10 — 0711
10— 07

and, therefore, (98 € Q (since 0< D, <D< and 0, 0 e Q).

1—(D:=2),

=y

Theorem 1. Let >3 be an integer and let g be a non-decreasing, absolutely continuous function for
which 0<g<2, and 0<g<?2 on a set of positive Lebesgue measure. Then E9||0 — 0> < Ey|0 — 0)?
for all 0 € Q for each ¢=0.
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Proof. Suppose first that e>0. Then,
Egll0, — 017 = Egll(0 — 0) = h.))I” = Egll0 — 01> — Eg[2(0 — 0,.() — Ih)II],
from (9). Here

g(10 —0"1*) »

AE 0-0,0-0)

(0 —0,h.(») = (D, —2),

and
0—00-0)Y=u—00-0)+0—-y,0-0)=(p—00-0),
since (0 — y,0 — 0°) =0, by (6). So, (0 — 0, h,(y)) = (y — 0, h(y)), and
Eg[(0 — 0, h(y))] = Eol(y — 0, h,(»)] = Egl[div(h,)],
by Stein’s Identity, Stein (1981). Collecting terms,

4,0) == Egll0, — 01> — Epll0 — 01> = —Eg[2div(h)(») — 1h0)I1%]. (10)
On any B,, the ith component of /4, is
9101

hei(y) = (Do(y) — 2), 101 (Q)is

and (Q,y), = > e lq]kyk, where the jth element of Q,y and the (j, k)th element of Q, have been
denoted by (Q.y); and gj.. So, 9(Q,»);/9y; = ¢ and

2 oI = 22 4U0.);s
ayi j=1 ’

on the interior of any B, and, therefore, almost everywhere. Of course, /. ;(y) = 0 if D,(y)<2. On
BN {D . >2},

2
a hoi(y) = [ g(y)} g(@ux1°)
Vi 0y

QP

gUQuwI*) g(||Qay||2):|

(Quy )"+2(D3(y)_2)+[ 100 101

2
|37 g0y | @)+ i) —2), 222D
j=1 19l
So,
2 , ) 5
divi. () = (VD). 0. JNCIID) 5 py o [g(IIQ,,yII ) g(Igull )}
vhy(y) = (VDu(), Quy) 101 +2(Do(y) — 2),. 10T Tk
n n P
<|D_ D 4 Qu); +(Ds(y)—2)+%”yy””2)1)(y),
i=1 j=1 3

The double sum here is

SN GO0 =D (OO, = 110517,
j=1 i=1 j=1
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since Q2 Q,. Moreover, g’ >0 since g is non-decreasing, and (VD.(y), Q,v) =0 by Lemma 2. So,

2 2
s — 22y LI L o g0
Wh0)2 = 20,0) =), T T (0, = 2), LT D)
2
= (D) 20,21 UL
> [(D.0) =275 500

since D> D,>2. It follows that

9Oy I1M2 — g QuyII*)]
1012

which is non-positive everywhere and negative on a set of positive Lebesgue measure. So, recalling
(10)

—2divh,() + 1< = [(Du(y) — 2),7]

B

(11)

91911112 = g(l Qaynz)]} -0
Qa1 ’

for any 0 € Q. This establishes the theorem for ¢>0. The case ¢ = 0, then follows from Fatou’s
Lemma. [

A,(0)< — Ee{ (D) —2),7]

Remarks. (1) The conditions that g<2 and g <2 on a set of positive Lebesgue measure were used
only in the final step. Thus, the first inequality in (11) is valid, provided only that g is bounded.
(2) The proof shows that Ey||0, — 0||> < Ey||0 — 0||> for all 0 € R".

Unknown ¢°. The theorem is easily extended to the case where y ~ Normal [0, 6°1,] for some
unknown 6 € Q and ¢2>0, provided that there is an independent estimator S of ¢2 for which
S2~q 2y2 /r for some (known) > 1. For this case, let

~0

n D
98=9+ Q

10— 07|
~ w=-"

1 — 32

g(2)| (0 — 9) where Z =

Theorem 2. Let £=3 be an integer; and let g be a non-decreasing, absolutely continuous function for
which g(x)/x is non-increasing and 0<g<2r/(r—|—2) with strict mequallty on a set of positive
Lebesgue measure. Then Ej ;» ||0 —0)? <Eyn|0— 011> for all 0 € Q and o*>0 for each £=0.

Proof. By scale equivariance, it suffices to establish the inequality when o> = 1. For this case,
write Ey for Ep; and define 4, by (10), but with the new definition of 0,. Then conditioning on 52
in the proof of Theorem 1 leads to

4:(0)< — EG{(”(; _~o)|J|r2 S*9(Z)2 - Szg(Z)]}
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for any ¢>0. Remark 1 is relevant here. Next, conditioning on y,
(D =2),° _ D, -2)°
o= 10017

where W ~ »? rpand f(w) = g(2/w) with £# = r10 =072 By assumption, /', (w) is non-increasing
in w and wf',(w) is non-decreasing. So, E[Wf, (W)] S E[WS (WIELS (W) and therefore,

(D, —2),°
10— 0"

922 - S9(2)|y EL (W) — - WF, PP

4:(0)< — Eg ETf ,(W)Iy1|2 - —E[ny(W)]

The integrand on the right is non-negative, because
2r
E[ny(W)]< E(W) =2r,

and positive with posmve probability. This establishes the theorem for ¢>0, and the case ¢ =0
follows from Fatou’s Lemma. [J
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