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Shrinkage estimation for convex polyhedral cones
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Abstract

Estimation of a multivariate normal mean is considered when the latter is known to belong to a convex
polyhedron. It is shown that shrinking the maximum likelihood estimator towards an appropriate target
can reduce mean squared error. The proof combines an unbiased estimator of a risk difference with some
geometrical considerations. When applied to the monotone regression problem, the main result shows that
shrinking the maximum likelihood estimator towards modifications that have been suggested to alleviate
the spiking problem can reduce mean squared error.
r 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Let y ¼ ðy1; . . . ; ynÞ
0 denote a normally distributed random vector with unknown mean y and

covariance matrix s2In and suppose that y is known to belong to a closed convex polyhedron
O � Rn: For such a model, the maximum likelihood estimator, ~y say, of y is the projection of y

onto O; an operation that is described in some detail in the next section. The main result is that
shrinking ~y toward an appropriate target estimator ~y

�
reduces the mean squared error.

The model arises in isotonic regression, in particular, where O is the set of non-decreasing
vectors, O ¼ fo 2 Rn : 	1oo1p � � �pono1g: For this model the maximum likelihood
estimators ~y1 and ~yn are biased, highly variable, and asymptotically inconsistent. Suggestions
see front matter r 2004 Elsevier B.V. All rights reserved.

spl.2004.08.007

ding author.

ress: anutka@umich.edu (A. Amirdjanova).

www.elsevier.com/locate/stapro


ARTICLE IN PRESS

A. Amirdjanova, M. Woodroofe / Statistics & Probability Letters 70 (2004) 87–9488
for alleviating this problem include simply replacing the first and last few ~yk’s by their average.
Modifications of this nature date from Wegman (1970), for the related problem of density
estimation and can improve asymptotic performance. See, for example, Woodroofe and Sun
(1993) and Wu et al. (2001). As an application of the main result, it is shown that shrinking the
maximum likelihood estimator towards such a modification improves finite sample performance.
The main result is presented in Section 4. Section 2 contains preliminary material on the

structure of ~y; and Section 3 on the structure of ~y
�
: Related results have been obtained by

Sengupta and Sen (1991) and Ouassou and Strawderman (2002). The main result here allows a
more flexible form of shrinkage, a flexibility that is needed for the application. Bock (1982) and
Wright (1978) made early contributions.

2. Preliminaries

Let O � Rn be a convex polyhedral cone. Specifically, suppose that there are linearly
independent g1; . . . ; gm 2 Rn for which

O ¼ fz 2 Rn : hgj; ziX0; j ¼ 1; . . . ;mg: (1)

Thus mpn: Given y 2 Rn; let ~y ¼ ~yðyÞ be the projection of y onto O; ~y ¼ ~yðyÞ ¼ POðyÞ; so that
ky 	 ~yk ¼ infy2Oky 	 yk: Then

hy 	 ~y; yip0; (2)

for all y 2 O: In fact, (2) holds for every y 2 O for which ~yþ �y 2 O for some �40; so that
hy 	 ~y; ~yi ¼ 0:
Let L be the orthogonal complement of span fg1; . . . ; gmg; let G ¼ ½g1; . . . ; gm� ðn � mÞ; write

GðG0GÞ	1
¼ ½d1; . . . ; dm�;

and let dmþ1; . . . ; dn be an orthonormal basis for L. Then d1; . . . ; dn is a (not necessarily
orthonormal) basis for Rn; and hgi; dji ¼ 1 or 0 accordingly as i ¼ j or iaj; since G0½d1; . . . ; dm� ¼

Im and G0½dmþ1; . . . ; dn� ¼ 0: So, if z 2 Rn is written as z ¼
Pn

i¼1 cidi; then cj ¼ hgj; zi for j ¼
1; . . . ;m; and z 2 O iff c1; . . . ; cmX0: The sets fg1; . . . ; gmg and fd1; . . . ; dmg have been called primal

and dual bases (for spanfg1; . . . ; gmg) in Fraser and Massam (1989) and Meyer (1999).

Example (Monotone regression). In the monotone regression problem, O is of form (1) with
m ¼ n 	 1; g1 ¼ ð	1; 1; 0; . . . ; 0Þ0; . . . ; and gn	1 ¼ ð0; . . . ; 0;	1; 1Þ0: After some routine calcula-
tions,

dj ¼
j

n
1n 	 1j;

for jpn 	 1; where 1j is a list of j 1’s followed by ðn 	 jÞ 0’s for j ¼ 1; . . . ; n: In this example, L is
the linear subspace spanned by 1n:

Recall that ~y ¼ ~yðyÞ is the projection of y onto O; and write

~y ¼
Xn

j¼1

~cjdj; (3)
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where ~cj ¼ ~cjðyÞ ¼ hgj; ~yiX0 for j ¼ 1; . . . ;m: For subsets a � f1; . . . ;mg; let ac ¼ f1; . . . ;mg 	 a and

Ba ¼ fy 2 Rn : ~cj40 for j 2 a & ~cj ¼ 0 for j 2 acg:

From Meyer and Woodroofe (2000), the sets Ba partition Rn; and their boundaries are of Lebesgue
measure zero. Moreover, if y 2 Ba; then ~y is the projection of y onto spanfdj; j 2 a [ fm þ 1; . . . ; ngg;
and y 	 ~y is the projection of y onto spanfgj : j 2 acg: If a ¼ fk1; . . . ; krg; where 0 ¼

k0ok1ok2o � � �okrokrþ1 ¼ ðm þ 1Þ ^ n; let

X a ¼ ½dk1
; . . . ; dkr

� ðn � rÞ: (4)

Then the projection operator onto spanfdj : j 2 ag is Pa ¼ X aðX
0
aX aÞ

	1X 0
a; and

~yðyÞ ¼ Pay þ pLy for
y 2 Ba; where pLy is the projection of y onto L.
3. The target estimator

Now let ‘ be an integer for which 1p‘pm and that is fixed for the remainder of the paper.
Define the target estimator

~y
�
¼
Xn

j¼‘þ1

~cjdj: (5)

Equivalently, for y 2 Ba; let a ¼ fk1; . . . ; krg be as in (4) and let s denote the unique integer for
which ksp‘oksþ1: Then

~y
�
¼
Xr

j¼sþ1

~ckj
dkj

þ
Xn

j¼mþ1

~cjdj;

where an empty sum is to be interpreted as zero. Thus,

~y	 ~y
�
¼
Xs

j¼1

~ckj
dkj

; and hy 	 ~y; ~y	 ~y
�
i ¼ 0; (6)

since hgi; dji ¼ 0 for i 2 ac and j 2 a [ fm þ 1; . . . ; ng: In (5) ‘ ¼ ‘n does not depend on y; s

depends on a, but this dependence is suppressed in the notation to reduce the number of higher-
order subscripts. If ‘ ¼ m; then ~y

�
¼ pLy is just the projection of y onto L.

Example (Monotone regression). After some algebra,

~y
�

j ¼ ~oþ

~y‘þ1 if jp‘ þ 1;

~yj if otherwise;

(
where ~o ¼

1

n

X‘
i¼1

ð~yi 	
~y‘þ1Þ:

Thus, ~y
�

j is constant for jp‘ þ 1; as in Wu et al. (2001). By relabeling g1; . . . ; gn	1; it is possible to
construct target estimators ~y

�
for which ~y

�

j is constant for j over other subintervals of 1; . . . ; n; as
in Wright (1982) . It is known that such grouping improves asymptotic performance, under mild
conditions. The main results show that shrinking ~y towards an estimator of the form ~y

�
can reduce

mean squared error in moderate samples.
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It is convenient to represent ~y	 ~y
�
in matrix notation. For y 2 Ba; let c� ¼ ½~ck1

; . . . ; ~ckr
�0; where

k1; . . . ; kr are as in (4); that is, c� ¼ ðX 0
aX aÞ

	1X 0
ay: Next, let

Ma ¼
Is 0

0 0

� �
:

Then Mac� ¼ ½~ck1
; . . . ; ~cks

; 0 � � � ; 0�0; X aMac� ¼ ½dk1
; . . . ; dkr

�½~ck1
; � � � ; ~cks

; 0; . . . ; 0�0 ¼ ~y	 ~y
�
; and,

therefore, ~y	 ~y
�
¼ Qay; where Qa ¼ X aMaðX

0
aX aÞ

	1X 0
a:

Two properties of Qa are relevant.

Lemma 1. For any a � f1; . . . ;mg; Q2
a ¼ Qa and trðQaÞ ¼ s:

Proof. This follows from

Q2
a ¼ X aMaðX

0
aX aÞ

	1X 0
aX aMaðX

0
aX aÞ

	1X 0
a ¼ X aM2

aðX
0
aX aÞ

	1X 0
a ¼ Qa;

and trðQaÞ ¼ trðMaðX
0
aX aÞ

	1X 0
aX aÞ ¼ trðMaÞ ¼ s: &

An alternative statement of the second assertion is trðQaÞ ¼
Pm

i¼1 H½hgi; ~y	 ~y
�
i�; where H is the

Heaveside function HðxÞ ¼ 0 for xp0 and HðxÞ ¼ 1 for x40:
From Meyer and Woodroofe (2000), ~y is Lipschitz continuous and, therefore, almost

differentiable in the sense of Stein (1981). The same is then true of ~y
�
: Let D ¼ divð~y	 ~y

�
Þ; the

divergence of the vector field ~y	 ~y
�
; that is,

DðyÞ ¼
Xn

i¼1

@

@yi

ð~yi 	
~y
�

i ÞðyÞ;

where the partial derivatives are understood in the sense of Stein (1981). Then, D is constant on
the interior of each Ba;

DðyÞ ¼ trðQaÞ ¼
Xm

i¼1

H½hgi; ~y	 ~y
�
i�; (7)

but discontinuous on Rn:
Let c be the betað2; 2Þ distribution function, cðxÞ ¼ 0; 3x2 	 2x3; or 1 for xp0; 0oxp1; or

x41; so that c0
ðxÞ ¼ 6xð1	 xÞ for 0pxp1; and observe that xc0

ðxÞX0 for all x 2 R: Next, given
an �40; let

CðzÞ ¼
Xm

i¼1

cðhgi; ziÞ and D�ðyÞ ¼ C
~y	 ~y

�

�

 !
; (8)

for y; z 2 Rn:

Lemma 2. 0pD�ðyÞpDðyÞ for �40 and lim�#0D�ðyÞ ¼ DðyÞ for all y 2 Rn: Moreover,
hrD�ðyÞ;QayiX0 on Ba for each a � f1; . . . ;mg and �40:

Proof. The first two assertions are clear from (7) and (8). For the third assertion, first observe that

@

@zj

CðzÞ ¼
Xm

i¼1

@

@zj

cðhgi; ziÞ ¼
Xm

i¼1

gijc
0
ðhgi; ziÞ:
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So,

hrCðzÞ; zi ¼
Xn

j¼1

Xm

i¼1

gijc
0
ðhgi; ziÞzj ¼

Xm

i¼1

c0
ðhgi; ziÞhgi; ziX0;

for all z 2 Rn: On the interior of any Ba; D�ðyÞ ¼ CðQay=�Þ; rD�ðyÞ ¼ ðQ0
a=�ÞrCðQay=�Þ and,

therefore,

hrD�ðyÞ;Qayi ¼
1

�
Q0

arC
Qay

�

� 	
;Qay


 �
¼

1

�
rC

Qay

�

� 	
;Q2

ay


 �
¼ rC

Qay

�

� 	
;
Qay

�


 �
X0;

since Q2
a ¼ Qa: &
4. Shrinkage estimation

Known s2: Suppose first that s2 ¼ 1 is known, so that y � Normalðy; InÞ for some unknown
y 2 O: Let g be an absolutely continuous, non-decreasing function on ½0;1Þ for which 0pgp2;
and let

ŷ� ¼ ~y
�
þ 1	 ðD� 	 2Þþ

gðk~y	 ~y
�
k2Þ

k~y	 ~y
�
k2

" #
ð~y	 ~y

�
Þ;

where ðD� 	 2Þþ :¼ max f0;D� 	 2g:
Alternatively,

ŷ�ðyÞ ¼ ~yðyÞ 	 h�ðyÞ; (9)

where

h�ðyÞ ¼ ðD�ðyÞ 	 2Þþ
gðk~y	 ~y

�
k2Þ

k~y	 ~y
�
k2

ð~y	 ~y
�
Þ ¼ ðD�ðyÞ 	 2Þþ

gðkQayk2Þ

kQayk2
Qay;

and

kh�ðyÞk
2 ¼ ½ðD�ðyÞ 	 2Þþ

2
�
g2ðkQayk2Þ

kQayk2
;

on Ba for each a. When � ¼ 0; ŷ� and h� will be denoted simply by ŷ and h. A role of g here is to
ensure that ŷ� 2 O: For example, if ‘X3 and gðwÞ ¼ minf2;w=ð‘ 	 2Þg; then

1	 ðD� 	 2Þþ
gðk~y	 ~y

�
k2Þ

k~y	 ~y
�
k2

" #
X0;

and, therefore, ŷ� 2 O (since 0pD�pDp‘ and ~y; ~y
�
2 O).

Theorem 1. Let ‘X3 be an integer and let g be a non-decreasing, absolutely continuous function for
which 0pgp2; and 0ogo2 on a set of positive Lebesgue measure. Then Eykŷ� 	 yk2oEyk

~y	 yk2

for all y 2 O for each �X0:
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Proof. Suppose first that �40: Then,

Eykŷ� 	 yk2 ¼ Eykð
~y	 yÞ 	 h�ðyÞk

2 ¼ Eyk
~y	 yk2 	 Ey½2h~y	 y; h�ðyÞi 	 kh�ðyÞk

2�;

from (9). Here

h~y	 y; h�ðyÞi ¼ ðD� 	 2Þþ
gðk~y	 ~y

�
k2Þ

k~y	 ~y
�
k2

h~y	 y; ~y	 ~y
�
i

and

h~y	 y; ~y	 ~y
�
i ¼ hy 	 y; ~y	 ~y

�
i þ h~y	 y; ~y	 ~y

�
i ¼ hy 	 y; ~y	 ~y

�
i;

since h~y	 y; ~y	 ~y
�
i ¼ 0; by (6). So, h~y	 y; h�ðyÞi ¼ hy 	 y; h�ðyÞi; and

Ey½h
~y	 y; h�ðyÞi� ¼ Ey½hy 	 y; h�ðyÞi� ¼ Ey½divðh�Þ�;

by Stein’s Identity, Stein (1981). Collecting terms,

D�ðyÞ :¼ Eykŷ� 	 yk2 	 Eyk
~y	 yk2 ¼ 	Ey½2divðh�ÞðyÞ 	 kh�ðyÞk

2�: (10)

On any Ba; the ith component of h� is

h�;iðyÞ ¼ ðD�ðyÞ 	 2Þþ
gðkQayk2Þ

kQayk2
ðQayÞi;

and ðQayÞj ¼
Pn

k¼1q
a
jkyk; where the jth element of Qay and the ðj; kÞth element of Qa have been

denoted by ðQayÞj and qa
jk: So, @ðQayÞj=@yi ¼ qa

ji and

@

@yi

kQayk2 ¼ 2
Xn

j¼1

qa
jiðQayÞj;

on the interior of any Ba and, therefore, almost everywhere. Of course, h�;iðyÞ ¼ 0 if D�ðyÞp2: On
Bo

a \ fD�42g;

@

@yi

h�;iðyÞ ¼
@

@yi

D�ðyÞ

� �
gðkQayk2Þ

kQayk2
ðQayÞi þ 2ðD�ðyÞ 	 2Þþ

g0ðkQayk2Þ

kQayk2
	

gðkQayk2Þ

kQayk4

� �

�
Xn

j¼1

qa
jiðQayÞj

" #
ðQayÞi þ ðD�ðyÞ 	 2Þþ

gðkQayk2Þ

kQayk2
qa

ii:

So,

divh�ðyÞ ¼ hrD�ðyÞ;Qayi
gðkQayk2Þ

kQayk2
þ 2ðD�ðyÞ 	 2Þþ

g0ðkQayk2Þ

kQayk2
	

gðkQayk2Þ

kQayk4

� �

�
Xn

i¼1

Xn

j¼1

qa
jiðQayÞjðQayÞi

" #
þ ðD�ðyÞ 	 2Þþ

gðkQayk2Þ

kQayk2
DðyÞ:

The double sum here isXn

j¼1

Xn

i¼1

qa
jiðQayÞjðQayÞi ¼

Xn

j¼1

ðQayÞjðQ
2
ayÞj ¼ kQayk2;
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since Q2
a ¼ Qa: Moreover, g0

X0 since g is non-decreasing, and hrD�ðyÞ;QayiX0 by Lemma 2. So,

divh�ðyÞX	 2ðD�ðyÞ 	 2ÞÞþ
gðkQayk2Þ

kQayk2
þ ðD�ðyÞ 	 2Þþ

gðkQayk2Þ

kQayk2
DðyÞ

X ðD�ðyÞ 	 2Þþ
2

� � gðkQayk2Þ

kQayk2
;

since DXD�42: It follows that

	2divh�ðyÞ þ kh�ðyÞk
2p	 ðD�ðyÞ 	 2Þþ

2
� � gðkQayk2Þ½2	 gðkQayk2Þ�

kQayk2
;

which is non-positive everywhere and negative on a set of positive Lebesgue measure. So, recalling
(10)

D�ðyÞp	 Ey ðD�ðyÞ 	 2Þþ
2

� � gðkQayk2Þ½2	 gðkQayk2Þ�

kQayk2

� �
o0; (11)

for any y 2 O: This establishes the theorem for �40: The case � ¼ 0; then follows from Fatou’s
Lemma. &
Remarks. (1) The conditions that gp2 and go2 on a set of positive Lebesgue measure were used
only in the final step. Thus, the first inequality in (11) is valid, provided only that g is bounded.
(2) The proof shows that Eykŷ� 	 yk2oEyk

~y	 yk2 for all y 2 Rn:

Unknown s2: The theorem is easily extended to the case where y � Normal ½y; s2In� for some
unknown y 2 O and s240; provided that there is an independent estimator S2 of s2 for which
S2 � s2w2r=r for some (known) rX1: For this case, let

ŷ� ¼ ~y
�
þ 1	

ðD� 	 2Þþ
2

Z
gðZÞ

" #
ð~y	 ~y

�
Þ; where Z ¼

k~y	 ~y
�
k2

S2
:

Theorem 2. Let ‘X3 be an integer; and let g be a non-decreasing, absolutely continuous function for
which gðxÞ=x is non-increasing and 0pgo2r=ðr þ 2Þ with strict inequality on a set of positive

Lebesgue measure. Then Ey;s2kŷ� 	 yk2oEy;s2k
~y	 yk2 for all y 2 O and s240 for each �X0:

Proof. By scale equivariance, it suffices to establish the inequality when s2 ¼ 1: For this case,
write Ey for Ey;1 and define D� by (10), but with the new definition of ŷ�: Then conditioning on S2

in the proof of Theorem 1 leads to

D�ðyÞp	 Ey
ðD� 	 2Þþ

2

k~y	 ~y
�
k2

S2gðZÞ½2	 S2gðZÞ�

( )
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for any �40: Remark 1 is relevant here. Next, conditioning on y,

Ey
ðD� 	 2Þþ

2

k~y	 ~y
�
k2

S2gðZÞ½2	 S2gðZÞ�

�����y
( )

¼
ðD� 	 2Þþ

2

k~y	 ~y
�
k2

E½2f yðW Þ 	
1

r
Wf yðW Þ

2
�;

where W � w2rþ2 and f yðwÞ ¼ gðt2=wÞ with t2 ¼ rk~y	 ~y
�
k2: By assumption, f yðwÞ is non-increasing

in w and wf yðwÞ is non-decreasing. So, E½Wf yðW Þ
2
�pE½Wf yðW Þ�E½f yðW Þ� and, therefore,

D�ðyÞp	 Ey
ðD� 	 2Þþ

2

k~y	 ~y
�
k2

E½f yðW Þjy� 2	
1

r
E½Wf yðW Þ�

� �( )
:

The integrand on the right is non-negative, because

E½Wf yðW Þ�p
2r

r þ 2
EðW Þ ¼ 2r;

and positive with positive probability. This establishes the theorem for �40; and the case � ¼ 0
follows from Fatou’s Lemma. &
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