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Abstract

The objective of the paper is to study a jump-diffusion type vorticity model, describing evolution of an incompressible
homogeneous viscous fluid in R? in terms of its rotation. The model arises from a particle systems perspective, adopted in the
point vortex theory, and represents a measure-valued stochastic partial differential equation (SPDE) whose solution, under certain
conditions, is an empirical process generated by a finite system of randomly moving vortices, which interact via a (regularized)
logarithmic potential and are driven by suitable independent space-time Wiener processes and compensated Poisson random
measure. A continuous diffusion approximation to the above vorticity model is also presented.
© 2006 Elsevier Ltd. All rights reserved.

Keywords: Measure-valued stochastic partial differential equation; Stochastic Navier—Stokes equation; Vorticity; Jump-diffusion

1. Introduction

Turbulence has long intrigued physicists and mathematicians alike. While being a widely observed and an
extremely important phenomenon for engineering and environmental applications related to atmospheric and oceanic
sciences, it presents such an abundance of open mathematical problems and experimental and numerical challenges,
which few (if any) other natural phenomena can really match. The mathematical history of fluid dynamics began with
Euler, who in 1755 came up with a model, which in modern notation reads as:

Ju(x, 1) tulx, 1) Vu(x,t) = =Vp(x, 1),

V-ulx,t) =0,

ey

and goes under the name of Euler’s equations of motion for an ideal fluid. Here u(x, ¢) and p(x, t) are, respectively,
the fluid velocity and pressure at the spatial point x at time . One of the main ideas missing in that model was the
necessity to account for viscous dissipation that is present due to the friction of one volume element of the fluid
against neighboring ones. The appropriate term was added by Navier in 1827 and by Stokes in 1845, and, as a result,
the celebrated “Navier—Stokes equations for an incompressible homogeneous viscous fluid” emerged, with

du(x,t)

” +u(x,t) - Vu(x,t) = =Vp(x,t) +vAu(x,t), 2)
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replacing the first equation in (1), and v being the material parameter which denotes the kinematic viscosity of the
fluid. Since then, for almost two centuries now, generations of mathematicians have worked on a number of natural
and fundamental questions related to the Navier—Stokes model. Surprisingly many of these questions remain open and
represent some of the most interesting and challenging problems in modern mathematics. On the other hand, from both
experimental and numerical perspectives, finding adequate descriptions of the dynamics of turbulent flows and their
simulation and prediction has proved to be an equally interesting and difficult task. Solutions to the Navier—Stokes
equations (NSE) are strongly affected by the nonlinearity and give rise to instabilities, while the actual flow one
obtains in the laboratory is clearly a function of the experiment and is characterized as unsteady, chaotic and vortical.

Experimental observations therefore suggest that the chaotic nature of such hydrodynamical phenomena calls for
their statistical or stochastic formulation. The goal of the present paper is to motivate and study the properties of
a jump-diffusion type model for the vorticity of an incompressible homogeneous viscous fluid in R2. The latter
model was introduced by Amirdjanova in [1] and represents a non-linear (signed) measure-valued stochastic partial
differential equation of the form:

oy, ) = (o, VAF + (Uswy) - V f)dt —i—/A(wt, fC+Ph(, -, 1) — f—0h(, -, 1) - Vf)II(dr)dt

2
+@Z/Rz<w,,r(., u)&,f)Wj(dtdv)+/A<wt_,f(.+z9h(t, M) — YN (drdr), (3)
j=1

forall f € C,%(Rz), where w describes the vorticity process of the fluid, (Usw;)(x) = fRZ Ks(x —r)w;(dr) represents
a regularized measure-valued version of the Biot—Savart law (recall that in the deterministic case the classical
Biot-Savart law recovers the velocity field from the vorticity process), and the martingales driving the equation are
given by the two-dimensional Brownian sheet (W7, W>) and a (compensated) Poisson random measure A/. Note that
when ¥ = v = 0, the model effectively reduces to the incompressible 2-dim deterministic Euler equation (in its
vorticity form). When 6 = 0 but v > 0, one recovers the stochastic vorticity model of Kotelenez [2].

The paper is organized as follows: Section 2 provides the mathematical description and motivation behind
model (3), Section 3 presents results on several metric spaces needed later, Section 4 is devoted to the question of
existence of solutions to (3) and construction of diffusion approximations. Finally, some concluding remarks are
given in Section 5.

2. Stochastic vorticity model

To motivate our discussion of stochastic vorticity modeling, let us consider an ideal fluid whose evolution is
governed by the Euler model (1) in the domain D = R2, supplied with the boundary condition u(x,7) — 0 as
|x| — oo and initial condition u(x, 7)|;—=0 = u®(x). In view of the incompressibility condition, the pressure p is
determined by the velocity field via: Ap = —V - ((u - V)u), thus Euler’s equation can be viewed as an evolution
equation for the velocity field alone. The corresponding vorticity process w;(x) = curl(u(x, t)) describes rotation in
the fluid and allows an equivalent formulation of the problem in terms of vorticity:

o (( /R K- y)cw(y)dy) : V) wi(x) =0, (4)
where, with a slight abuse of notation, @ stands for the only nonvanishing component of the vorticity field, i.e.
w(x) = dyuz(x, ) — dy,u1(x, 1), and kernel K, given by K(x — y) = —5- (f’gfl)ln x — y| = _2(;@);2’ is
the Biot—Savart kernel that allows one to invert the relationship between velocity and vorticity to obtain:

uxn = [ K@=y, )

(For arbitrary x = (x1, x2)’ in R2, x1 := (x2, —x1)"). Next let us consider a (signed) measure-valued vorticity process
@;(dx) = wy(x)dx and look at the weak form of the equation (4), namely, for all sufficiently regular test functions f,

d(@y, f) = (&, Uay) -V fdr, (6)
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where, for any (signed) measure p defined on the Borel sets of R?, (m, f) = fRz f@)pu(dx) and (Up)(x) =
fRZ K(x — y)u(dy). Spatial discretization of @ in (6) gives rise to an important class of numerical methods for
simulation of fluid flows, known as point vortex methods and vortex blob methods. Intuitively, consider an empirical
vorticity process (Z),N = ZlNzl aid (), generated by a system of interacting “particles” or vortices, whose positions

aD@), ..., xM (1)) satisty the system:

N
D) = ( / Ksx (1) = )i (dy)) dr =3 a;KsD0) —xP@dr, i=1,....N, ™)

where K;s coincides with the Biot—Savart kernel K outside the sphere of (small) radius § but Ks(0) = 0. (The
d-regularization is necessary since K blows up when two particles approach each other). Then cT)tN solves the following
equation

&y, f) = (&, (Usay) - V fdt, ®)

which is just a §-regularized version of (6). This suggests use of interacting particle (vortex) systems to obtain
approximations to weak solutions of the 2-dim incompressible Euler’s equation.

Next, turning to the viscous case, it is easy to show that the rigorous analogue of model (6) with viscosity v > 0 is
given by:

dw, f) = {0, vVAf + Uawy) -V fdt, (€))

which is the Navier—Stokes equation in its vorticity form for a two-dimensional incompressible homogeneous viscous
flow, where the equation is viewed in its weak form. Its §-regularized version is given by:

dw, f) = (0, vVAf + (Uswy) - V f)dt, (10)

where both equations (9) and (10) model evolution of a (signed) measure-valued process @, but we henceforth suppress
the “tilde” on top of w for notational convenience. Then a natural question is how to construct interacting point vortex
systems that generate vorticity profiles, whose evolution properly reflects the presence of “vAf” in the equation.
Numerically, this idea was very successfully explored by Chorin in [3], who introduced the first random point vortex
method to simulate viscous incompressible flows. His (time-discretized) random vortex method was based on viscous
splitting under which the classical Navier—Stokes equation was split into Euler’s equation and the heat equation. Then
Euler’s equation was simulated by the (deterministic) inviscid vortex method, while the heat equation was simulated
by independent Gaussian random walks of the vortices. Later Marchioro and Pulvirenti in [4] considered a continuous-
time random vortex method with Gaussian random walks replaced by independent Brownian motions and proved a
corresponding mean field type result.

These results are very important from both conceptual and numerical perspectives. Note, however, that random
point vortex methods are typically designed for numerical approximation of the solution to the classical (deterministic)
Navier—Stokes equations rather than for the stochastic partial differential equation (SPDE) modeling of turbulent
flows, with the model of Kotelenez [2] plus the vorticity SPDEs discussed here (and in [5]) being the only exceptions.
Yet, actual experiments show that the classical deterministic Navier—Stokes model loses its predictive power for large
Reynolds numbers. Randomness occurs as a result of sensitivity to initial conditions and to perturbations, from the
interplay of large numbers of degrees of freedom; microscopic perturbations get amplified to macroscopic scales and
the flow one obtains is characterized as unsteady and chaotic.

Therefore, it is interesting to consider SPDE modeling of vorticity from the perspective of random point vortex
theory, where the evolution of vorticity in the flow is viewed as an evolution generated by a system of randomly
moving point vortices (i.e. “particles” which carry concentrations of vorticity, while the rest of the flow is irrotational),
and therefore analyze the resulting “mezoscopic” vorticity SPDE for an underlying microscopic model of randomly
moving vortices. Let us start by introducing the system of point vortices associated to our stochastic model (3).

Skorohod-Ito type model for the evolution of a system of point vortices: Let x)(r) € R? be the position
of the ith vortex at time r € [0, 00), x® = (x?), xg))/ ,i = 1,..., N. Each vortex has an associated vorticity
intensity @; € R,i = 1, ..., N, such that Za,->() aj = at, Zu,-<0 a; = —a~. The magnitude of a; represents the
amount of circulation, while the sign of a; represents the direction of rotation associated with the ith vortex. Let
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(12, F, (F1)>0, P) be a stochastic basis with right continuous filtration. All the stochastic processes are assumed to
live on {2, be F;-adapted and (dP x dr)-measurable, where dt is the Lebesgue measure on [0, c0). Suppose that
positions of vortices for ¢ > 0 satisfy the following system of SDEs:

dx (1) = us  (x(0))dt + v2v / T (x@ (@), v)W(dtdv) + 9 / h(t, xD(t—), HN (drdh), (11)
R2 A
N .
us. (x) = ajKs(x —xV (1)), Vx e R%, (12)
j=1
with the initial conditions: x(i)(O) =¢£ @ i=1,..., N, where:

(a) W(t,v) = (Wi(¢, v), Wa(t, v)), Wi and W, are given independent Brownian sheets on R4 x R? with mean zero,
and variance 7|A|, where A is a Borel set in R? with finite Lebesgue measure |A|;

(b) N is a given Poisson random measure on R4 x 4, independent of W, with a characteristic measure 11 on A (i.e.
II(d)) is a o-finite measure on a measurable space (4, £)); N(¢, B) = N (¢, B) — tII(B) is the compensated
Poisson measure;

(c) For 0 < § < 1, Ks(-) is a é-regularized Biot—Savart kernel satisfying: K5(0) = 0, Ks(x) = (VLga)(|x|) for

/
x # 0 with V+ = (%, —%) , Where g5 is at least a twice continuously differentiable approximation to the
fundamental solution g(|x|) := (—1/2x) In |x| of the Poisson equation in R?, such that gs(|x|) = (—1/27) In |x|
for 8 < |x| < 1/8 and g5 has bounded derivatives up to order 2, satisfying |g5(s)| < |g’(s)| and |g§ (s)| < |g"(s)]

forall s > 0; (| - | denotes the standard Euclidean norm in R?).

(d) Forall x, v € R2, T'(x,v) == (F ()6’ v) F(g, v)>, where the correlation functions I" : R x R2 — R} are defined to

be bounded Borel-measurable functions, symmetric in x, v € R2, such that f Fz(x, v)dv = 1.
(e) ¥ is a nonnegative constant (whose value depends on the kinematic viscosity v); h(t, x, A) : Ry x R2x A —> R?
is a measurable function, such that V¢ > 0, Vx € R2,

/ |h(t, x, \)|*> I (d)) < oo.
A

Lemma 1. Let {& (i)}f\/: | be R2-valued Fy-adapted random variables, ZlN: 1 EI& D2 < o0 and independent of
o -fields generated by W and N. Suppose there exist finite positive constants D1 and D, such that the following
conditions of Lipschitz and growth type are satisfied:

/ (I'(x,v) — I'(y,v))>dv < Di|x — y|?>, Vx,yeR?, (13)

RZ

f |h(t, x, \)|?II(dA) < Dy, Vx € R%, Vi >0, (14)
A

f Ih(t, x, %) — h(t, y, N> II(d)) < Dalx — y|* forVx,y € R®,Vr > 0. (15)
A

Then the SDE system (11) and (12) with the initial condition x®0) = E(i), Vi = 1,..., N, has a unique strong
solution.

Proof. The solution is constructed by method of successive approximations. Consider the sequence {X,(¢)};° ,, where
X, (1) = (xl(l)’", xél)’", e xl(N)’", xéN)’") and xD-0(r) = D as.,

t t
x @Oty = £@ +/ us.s (x D" (5))ds + JE/ /2 I (xD"(s), v)W(dsdv)
0 0 JR

t+ . -
+z9/ /h(s,x(’)’"(s—),A)N(dsdk), i=1,...,N.
0 A
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By Walsh [6], if ¢1(f), q2(t) are RZ-valued adapted stochastic processes, then the stochastic integrals
fol fRZ T'(gi(s), v)W(dsdv), for i = 1,2, are R?-valued square-integrable continuous martingales with the mutual
quadratic variation given by:

<<// I'(q1(s), v)W;(dsdv), /f I'(g2(s), v)Wj(dsdv)>>
0 JR2 0 JR2 t

t
- / /I;{zF(m(s),v)F(qz(S),v)dsdv, i= ]
— )70
> otherwise.
By application of Schwartz, Minkowskii’s and Doob-Kolmogorov’s inequalities and using the given Lipschitz and

growth conditions, one can easily show that

E sup [[Xps1(s) — Xn(9)|?

0<s<t

IA

t
¢ / ENXon(s) — X1 (s)]ds
0

t 851 Sp—1
C"/ / / E|[X1(sn) — Xo(sn)[*ds; - - - dsy,
0 JO 0

for some positive constant ¢ (which does not depend on n). Classical arguments then show that {X,}°° ; converges in
L>(P) to a 2N-dimensional F;-measurable cadlag process X, which is a solution to (11) and (12). Uniqueness of the
strong solution follows by Gronwall’s inequality. The argument is standard and we omit the details. O

IA

Lemma 2. Let (a)tN )i>0 be the empirical signed measure-valued process

N
ol = Zaitsx(i)([), (16)
i1

associated with the evolution of point vortices given in Lemma 1. Then (a)tN ) is a strong solution to the SPDE (3) with
the initial condition w;|;—o = ZzN:1 a8 -

Proof. The result follows by application of the generalized Ito6 formula and upon noting that for all x € R?,
s, (x) = g2 Ks(x =y (dy) = Us o) (x). O

3. Wasserstein metric, its modifications and properties

In this section we discuss a variant of the Wasserstein distance for signed measures, which will be useful to us in
the next section.

Consider R? equipped with the uniformly bounded metric d(x, y) = min(|]x — y|, 1), where |x|2 =%+ (xz)z.
For b € R, let M(b) be the space of all Borel finite signed measures x on R? with (R?) = b. For given fixed
at,a” > 0let M(a*,a") be the space of all Borel signed measures 1 on R?, such that ut(R?) = a*t and
w~(R?) = a—, where um and p~ are the positive and negative parts of 1 according to the Jordan decomposition
of u. For b > 0 let M™(b) be the space of all nonnegative Borel measures 1 on R? with ©(R?) = b. Finally,
Y, mo € MT(1), let J (i1, uo) be the set of all probability measures Q on R? x R? such that Q(A x R?) = 1 (A)
and Q(R? x B) = u»(B) for arbitrary Borel sets A, B C R?.

For i1, s € M™T (1), the Wasserstein distance is given by:

Ri(ui o) = inf fd(x, WP (dx, dy). (17)
PeJ (u1,142)

Moreover, for arbitrary finite signed measures (1, (U, define

V(ui, n2) = sup [{u1 — u2, @)l, (18)
lpll<t
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where Vo € C(R?, R), the pseudonorm || - ||z, is given by:

ol = sup PO, 19)

x#£y;x,yeR? d(x,y)

Then, for any given b, (M(b), V) is a complete metric space. By the Kantorovich—Rubinstein theorem ([7,8]), the
distances R and V coincide on M ™ (1). Moreover, since d(-, -) is uniformly bounded, by Dobrushin’s theorem [9],
the topology induced by R; on M™(1) is equivalent to the usual weak convergence topology and makes it separable
and complete. Moreover, by a result of De Acosta [8], the set {# € M™(1) : u has finite support} is dense in
(M*(1), Ry).

The following modification of the Wasserstein metric Ry for M(a™*,a™) was suggested in [2]: Y1, u2 €
M(a™,a™) define y on M(a™,a™) by

y (U1, 1) = inf / / d*(x, (@ P + (@ )*P7)(dxdy) | . (20)
Preg iy fat, uf jat
P‘eJ(Ml_/a_, uz_/a_)

Note that if min(a™,a™) = 0and a :=a™ +a~ > 0, then y (by definition) is given by:

1

2
(w1, ):=a|: inf //dz(x, yP(dxd )} ) (1)
VAL 12 PeJ(ln1l/a, ln2l/a) Y Y

Lemma 3. For any given at,a™ > 0 with max(a™,a™) > 0, (M(a™,a™), y) is a metric space. Moreover, the set
M (at, a™) of finite linear combinations of point measures from M(a™*, a™) is dense in (M(a™,a™), y).

Proof. The proof is an extension of the argument in [8]. First let us show that y is a pseudometric on M(a™, a™).
Clearly, Yy, ua € M(at,a™), y(u1, u2) = y(u2, m1) > 0. To prove the triangle inequality, without loss of
generality, assume that at, @~ are both nonzero. Let X, Y, Z be copies of R%. Fix an arbitrary small ¢ > 0.

+ T - Ly 1 + [
Let PT € j(a—+, a—+) and P~ € j(F’ F) be the probability measures on X x Y, and Q7 € j(a—+, a—+),

0 eJ (Z—g, Z—i_) be the probability measures on ¥ x Z, such that

2
[ [ (@re+@re) @an] <y + 5 22)

1
_ _ 2 €

[ [#o0o(@rer+@re)@an| < v+ 23)
Then, by Corollary A.2. in [8], there exist probability measures ST, S~ on X x ¥ x Z such that for all Borel sets
A,B,CinR2, ST(AxBxR?) = Pt(AxB),ST(R2xBxC) = QT (BxC),and S~ (A x BxR2?) = P~(AxB),

+ +
ST(R?x BxC) = Q™ (B x C). In particular, it follows that S+ (A x R* xR?) = £L(A), ST(RZxR* x C) = 23(0),
and ST(A x R? x R?) = ‘;—I(A), STRZxRZxC) = ’;—E(C). Therefore, by Minkowski’s inequality,
1

v < | [[[ @0 (@h3st @ 2s) @ |

1

< [/f/ d2(x, y) ((a+)25+ + (a_)2S_> (dxdydz)]2

1

+ U// d*(y,z) ((a+)25+ + (a*)zs*) (dxdydz)]2
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1
2 +\2 p+ —\2p— 2
= | [ @9 (@)?PF+ @)?P7) (dxdy)
1
2 2t 2 - :
+ | [[ 6.0 (@2 +@)?07) dydo)

< y(u1, u2) + y(u2, u3) + €.

Since € > 0 is arbitrary, the triangle inequality for y follows, and y is a pseudometric on M(a™, a™). Next
let us show that y is a metric. Note that since 0 < d(x,y) < 1 then dz(x, y) < d(x,y) and yz(m, n2) <

(@™)?R, ((flr g +> + (a7)*Ry ( L E_ > On the other hand, by the Cauchy—Bunyakovsky—Schwartz inequality,

21, p2) = ———— | @R LS BT Ry 2
4 Ml,uz_(ﬂz_'_( )2 a [ e — a- .

Thus, y (i1, u2) = 0 if and only if R; (Z—}J:, Z—}t) =R (Z—l, Z—E) = 0, which is true if and only if 1 = w». Therefore,
y is a metric.

To show the second part of the lemma, denote the set of all measures v € M(a™t,a™) such that v is a finite
linear combination of point measures by M,(a™,a™),i.e. v € Mp(a*t,a™) if and only if E!{ci}f.‘zl € R\ {0} and
Ax; }{'6:1 € R? for some finite k > 2 such that Zc,—>0 ci=at, Zci ¢ =—a" andv = Zle Ciy; -

Fix an arbitrary 4 = u* — u~ € M(at, a™). Denote by BT the support of u*, and put B~ := R?\ B*+. Without
loss of generality, assume that at >0, a- > 0. Fix arbitrary € > 0 and some yar e BT, Yo € B™. Consider a
countable sequence of disjoint Borel sets

k k+1e I 1+1
a5 = Lo s e gt Ky LA D e UE Dl
" 2 2 2 2 k,leZ

Then (72 1A+ Bt U2 —1A; =B and dlam(Ai) <eVj=1,2,...Since {A]i}j?ozl are disjoint,

;/;ﬁ d2(x,y5r)|M|(dx) = /U“’ +d2(x,yar)|,u|(dx) - /B+ dz(X,yar)lul(dx)

=14

< |ul(BY)=a" (sinced(-,-) < D).
Thus, by the dominated convergence theorem, 3k = k(¢) such that
/ Pospiao=[ LD =
j=k+1 (Ui 47)
Similarly, one shows that 3m = m(¢) such that

Z / d*(x, yg)lpl(dx) = f

P lpl) < €
j=mt] 5\(Uf1 47)

Let n = n(e) = max(k, m). We have found disjoint sets AT, .., A,J{, Al,..., A, in R? such that diam(AjF) < €
forall j =1,...,n and
Z / d*(x, yg)lpl(dx) < € (24)
j=n+1
For j =1,...,n choose yj € Aj.t and define probability measures O, O~ on R? x R? by

n + + 00
0" (€1 x €)= ) (AT N C13 () + = (( U Aj) n cl> 8,5 (C), (25)
J

j=1 j=n+1
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07(C1 x C) :=Za—(A nens, (c2)+—(( U 47 )mc1)8y0<cz) (26)

j=1 j=n+1
for all Borel sets C;, C» in R?. Note that 07 (C; x R?) = Q(cl) and
n
QF®* x C) =) —(A*)s HC)+ 5 ( U 4] >8y0+<cz>.
Jj= 1 ¢ j=n+1
. .
Letut = S0_, it (A8, + ut (U?inJrl Aj) 5,+- Then O € j(g—+ —) Similarly, 0~ € J (/—, ”—,)
where v™ =} u_(A;)Syj— +u” (U?‘;nﬂ A;) 8- Then
vi=vt -y~ E/\/l,,(a+,a_), (27)

since v and v~ have disjoint supports. Moreover,
1

[ / / P (x, ) (@20 + (a‘)ZQv(dxdy)] ’

|:(1+Z/:4+ (/ d2()6, y)Bny(dy)> M+(d)6) +a+/ N N (/ dz(x, y)5y()+(dy)> M+(dx)
J=17 s

Jj=n+1 A]

IA

y(u,v)

1

- 2
+a” Z/ (/ d*(x, y)r?y.-(dy)> wo(dx)+a” / <f d?(x, y)SyO— (dy)) u_(dx)}
=17y ’ UiZnr 45

= [Z /ﬁ d*(x,y7) (a*pt () +a* / d?(x, yHut (d)
J=174

j=n+1

+Z/ d?(x, yj a n (dx)

< [(@h)?+at + (@ )? —l—a_)]? < const - €.
Therefore, M,,(a“‘, a”)isdensein (M(at,a™),y). O

> / &, g (dx)}

j=n+1

Remark. Some caution is required in generalizing results valid for measures to signed measures. In particular,
note that unless min(a™, a~) = 0, the space (M(a*,a™), y) is not complete. For example, consider a sequence
Mn = 281/p —8_1/p,n > 1. Then u, € M(2,1) foralln > 1 and V (u,, 8o) — 0asn — oo. It is easy to see that
the latter implies that {u,},>1 is a Cauchy sequence in (M (2, 1), y), but 8o & M(2, 1).

For arbitrary x = (x\" (1), x{" @), ..., x™ @), x" ))sero,r1 € DO, T, RNy and y = vV 0), yP (1), ..
Y0, YV ))ier0.71 € D0, T1, R2V) define a metric

0<t<T ; i=1

pN (X, y) = mf{ sup Z|x<l><z> ("><9<t)>|+ﬂ<9>}, (28)

where O is the set of strictly increasing continuous maps 6 from [0, 7] onto itself with 6(0) = 0, 6(T) = T and such
that

6() —60)| _

s—1t

B@):= sup |log

0<s<t<T

For arbitrary 1 = (is)sefo, 71, v = (Wrepo,r1 € D([0, T1, M(a™, a™)), define

0<t<T

py (@, v) = Oi;l(g { sup ¥ (tr, Vo)) + ﬂ(é’)} (29)
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Lemma 4. (D([0, T], M(a™,a™)), py) is a metric space, and, when min(a™, a™) = 0, the space is complete.

Proof. The proof is analogous to the proofs found in [10] for the classical Skorohod space and is omitted. O

4. Existence of solutions and diffusion approximation

Lemma 5. Assume the conditions of Lemma 2 and let (a)tNé_) be the empirical signed measure-valued process, given

by (16), which is a strong solution to the SPDE (3) with the initial condition w;|;=o = Z,N:1 ai8§(i). Similarly, consider

v,’?’n = ZzNzl b,-(Sy(;)(,), where (yl(l), yél), R yl(N), yéN))’ is the solution to the system (11) and (12) but with the initial

condition y(i) 0 = n(i), implying that (U,IY,]) is a strong solution to (3) with the initial condition w;|;=) = ZlNzl biB,](i).
Moreover, suppose that ), _qai =Y, obi =a* and y_, qai =Y, _obi = —a~. Then for any T > O there is
a constant ¢ = ¢(T) > 0 such that for all N > 2

E sup y*(@l. v)) < cEy* (). vy, (30)

0<s<T
where y is the metric on M(a™, a™) defined by (20).

Proof. First, assume that the initial positions of the point vortices are deterministic. For arbitrary o € R?, let ¢(f; )
be the strong solution to the equation:

t t
qt;a) = a+/ <f Kg(q(s;a)—x)wivg(dx)) ds+@/ f I'(q(s; @), v)W(dsdv)
0 R2 ’ 0 JR?

1+ N
+19/ / h(s, q(s—; @), VN (dsdr), t>0. 3D
0o Ja

Similarly, for an arbitrary 8 € R?, let r(¢; ) be the strong solution of the equation:

t t
i) =+ [ (/K,sv(s;ﬁ)—x>v§n<dx))ds+~/5// I(r(s; B), )W (dsdv)
0 ’ 0 JR2

+ N
—I—ﬂ/ / h(s,r(s—; B), VN (dsdr), t=>0. (32)
0 A
Note that Vi € {1, ..., N},

gt; €Dy =xD@yas. and r(r;n?) = yD (1) as. (33)

Consider the difference
t

gt =i p) = @—p+ (/ Ka(cz(s;a)—x)[w&(dx)—vﬁ,v,,(dx)])ds
0 R2

t
+ /0 (/R2 (Ks(g(s; @) —x) — Ks(r(s; B) — x)) ”s]\,ln(dx)> ds
t
+@/ /2 (I'(g(s; @); v) — I'(r(s; B), v)) W (dsdv)
0 JR

t+ N
+2‘/‘/ /A(h(s,q(s—;a),k)—h(s,r(s—;ﬂ),K))N(dsdk)
0

= (. = f) + J1(1) + Ja (1) + J3(1) + Ja(0). (34)

Upon using the Cauchy—Bunyakovsky—Schwartz inequality, the Lipschitz conditions and the Doob-Kolmogorov
inequality, one obtains that for k = 2, 3, 4,

t
E sup |Jk(5)|2502/ Elq(s: @) — r(s; B)ds (35)
0

0<s<t
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for some constant ¢y = c>(7T).
vVt > 0, by the Jordan decomposition of measures,

t
no= [ (Aé Kstg(s:@) —x) [« @(dx)—v;v,,(dx)]) ds

f/ Kstg(s: @) —x) [ @) — vl o | ds

=[] Kstatsir =0 [ol @0 =y @o] o

t
=a+/ (/ [K3(q(s; o) — x) — Ks(q(s: @) — y)] Qj(dxdy)> ds
0 R2xR2
t
—a—f (/ [Ka(CI(S;Oé)—X)—Ka(Q(S;Oé)—y)]Qs_(dxdy)>ds,
0 R2 xR2

N+ N+

N7
vV vV
for arbitrary Q) € J L ), 07 ed -

,,a

Therefore, upon using the Cauchy—Bunyakovsky—Schwartz inequality and the Lipschitz condition on K (with
constant D3), one obtains that

t
Eoswp 1P =200 [ [ = yP (@0 @) + @205 () b (36)
0 JR2xR?

0<s<t

N+ 1)N‘-¢— wN,f UN—
for arbitrary Q;" ej( -, 4 ), 0; ej( L ) for V¢ > 0.

Therefore, by arbitrariness of Q;’, Q, , it follows that

t
E sup lq(s: @) — r(s: B < 5|a—/3|2+02/ Elq(s: @) — r(s; B)ds
0

O<s<t

var [0t [ e Pt or ey + @ es @
0

ofegt

Oy €Ty
(37)

for suitable constants ¢; = ¢{(T) and ¢y = ¢(T'), where
N4+ N+ N,— _N,—
+ . t,& vt n — . wl,%‘ vfﬂl

= , , = —_—, —]. 38
i J < at ~ at ) i J ( a~ a~ (38)

Or, expressed in terms of metric y, we obtain that

t
E sup d*(q(s; @), r(s; B) < 5d°(a, ﬂ)+C2/ Ed2<q(s;a),r(s;ﬂ)>ds+cl/ Ey* (@l v])ds.
0

0<s<t

Then, 0 <t < T, by the Gronwall’s inequality, we have that

t
E sup d*(q(s; @), r(s; B)) < 5d*(, B) + c1(T) / Ey*(@)e, v),)ds
0

0<s<t
t N
+cz(T)f e2D=9) (Sdz(oe, ﬁ)+c1(T)/ Ey2(a)£vé,v£vn)dr> ds
0 0 ’ '
t t
(1+cz(T> / e‘?(“(’—”ds) <5d2<a,ﬁ>+c1(T) / E)/Z(wgé’vgn)df)
0 0

t
e2Mr <5d2(a, B) + Cl(T)/ El/z(wgg’ V?,/r,)df) .
0

IA
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L.e. we have that Vr € [0, T']

t
E sup d*(q(sia), r(s; B)) < e’ <5d2(a, B) +c1(T) / Eyz(wsN,s’sz,wds). (39)
0

0<s<t

For all bounded real continuous functions F on R* and arbitrary 0F € J0+, Q™ € J, define measures At and A7
for V¢ > 0 by

/F(x,y)/lf(dxdy) 1=f F(q(t; @), r(1; 8)) QT (dadp), (40)
R R

/ F(x, y)A; (dxdy) 12/ F(q(t; ), r(t; f))Q (dadp). (41)
R* R4

Let us show that V# > 0 A7 e J7 and A7 e J, . Indeed, for an arbitrary Borel set B C R2, V¢ > 0,
AFB xR = [ [ Iixepy ) (dxdy) = fflaERz e wep) @ ([dadp) = 0F (B, x R?), where B, = {a € R? :

N.,+
q(t;@) € B}, Vit > 0.Since 0+ € J)" = J <“’gf , 31 ) then, by (33),

N+

0" (B x R?) = “ (B = — Za,agmwo— LS s, ey (B)

a,>0 a;>0

N,+
t
= — Zal 8y (B) = —=—(B).
a a; >0

Thus, we have shown that for an arbitrary Borel set B C R?, Vt > 0,

oV
A+(B x R?) = 0t (B, xR2)— ’5 5 (B,

N,e,+

Similarly, VB € B(R?), V¢ > 0, the equality 4, (R? x B) =
A; € J;7Vt > 0is analogous. Therefore,

(B) holds. Thus, Vt > 0, A" € J,". The proof of

E sup y (a)fg, s,’) = E sup +1nf / / dz(x,y)((a"')zPs"' + (a_)zPs_)(dxdy)
0<s<t 0<s<t ptegit JR2 JR2
Py eJg

E sup /2/ d*(x, y) (@) A + (a™)? A7) (dxdy)
R

O<s<t

IA

= E sup /R ) / d*(q(s; @), (s BN(@H)? QT + (a7)*Q7) (dedp)

0<s<t

IA

Sl / / <5d2<a, B) +ci(T) /0 Eyz(wsN,s,sz,ms) (@)?0F + (@)’ 07)(dadp)

t
e3(T) f / d*(a, B)((@")* QT + (a™)*Q7)(dadp) + c4(T) / Ey* (o). v),)ds,
0
where
e3(T) = 5eT2D | cy(T) == ((aM)* + (@) ?)er(T)e 2D, 42)

Then, by arbitrariness of O, O, it follows that V¢ € [0, T],

t
E sup y (a)s £r Vs, n) < Cg(T)]/ (wog» Vo, ,’) +C4(T)/O Eyz(a)ﬁ\jg, uﬁln)ds, 43)

0<s<t
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which, by Gronwall’s inequality, implies that

E sup yz(wgg,vgn)

0<s<t

IA

t
3Ty @, vp,) <1 +04(T)f 664(T)<’—S)ds>
0
= c3(T)em4(T)y2(w(1)\j$, v&’n).
Thus, VT > 0, there is a constant ¢ = ¢(T) := c3(T)e’ (") > 0 such that for all N € N

E sup y*(o. v)) < c(T)y* (@ v, (44)

0<s<T

The case of random (square-integrable, adapted) initial conditions follows similarly. O

Theorem 1. For each N > 2 and arbitrary a)év € Ly(2, Mp(at,a™)), let (th)tEIO,T] be the strong solution
of the stochastic vorticity equation (3) with the initial condition a)év , as given in Lemma 5. Suppose the
conditions of Lemma 5 are satisfied and min(a™,a~) = 0. Then the map m from Lz(Q,Mp(aJr,a*)) to

L»(2, D([0, T, Mp(a™t, a™))), that maps
a)év > oV = (w[N>re[0 - for every a)év € Ly(42; /\/l,,(a+,a_)),

extends uniquely to a map T : wy +> ® = (@)e0.7] from the space Ly(2, M(@aT,a™)) to
Ly(2, D([0, T, M(a™,a™))). Moreover, for Ywg, vo € La(2, M(a™,a™)), VT > 0, Ic = c(T) > 0 (const)
such that

Ep, (% (w0), T (v0)) < cEy* (a0, vo). (45)

Proof. By Lemma 5, the solution (a),N),E[Q,T] € Ly(2,D([0,T]; Mp(at,a™))) to the stochastic vorticity
equation (3) has a uniformly continuous dependence on its initial condition a)(l)v € Lr(2, M p(a+, a™)). Moreover,
by Lemma 3, M p(a+, a™) is dense in (M(a™, a™), y), therefore one can extend the solution from discrete initial
conditions to an arbitrary (adapted) initial condition wy € M(a™, a™) by applying the following fact (see e.g. [11]):
Let X and Y be metric spaces and A be a dense subset of X and let Y be complete. If f : A —> Y is uniformly
continuous then there exists a unique continuous map F : X — Y, with F|4 = f. F is also uniformly continuous.

Taking X = (LQ(Q,M(a+,a_)),(Ey2(~,-))%), A = Ly My@at,a™)), and the space ¥ =

(Lg((l, D([0, T], M(a*t,a™))), (Ep)%(~, ~))%> (which is complete in view of Lemma 4) yields the desired result.
The inequality follows at once from (30) upon taking the appropriate limits. [

Theorem 2. Assume that the conditions of Theorem 1 hold and fix an arbitrary wg € Lo(£2, M(a™*,a™)). Then
T(wp) € Ly(82, D([0, T], M(a™, a™))) is a solution to the stochastic vorticity equation (3) with the initial condition
.

Proof. For an arbitrary f € C}' (R2, R), set
J

I/l = max - sup | o o

O<ljl=m , g2

f(X)',

where | j| := ji + j2, x = (x1, x2)". Note that, by the Kantorovich-Rubinstein theorem, Y1, o € M(at,a),

2
1
2 + + + - - -
Y, m2) 2 ——5——5 |a’ sup (] —u,y,@)|+a sup (] — iy,
@h)?+ (a )2{ nwanlK R uwum‘( b )q
> c(at.a”) sup (w1 — pa. @)

lellz<1

for some constant c(a™,a”) > 0.
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Since /\/l,,(a+, a~)isdensein (M(a™,a™), y), for any given wy € Ly(£2, M(a™, a~)) we can choose a sequence
{wor}pS, € La(f2, Mpy(a™, a™)) such that
¥ (wo k, wp) — 0 (a.s.) as k — oo.
By Theorem 1, there exists a constant 0 < ¢(7') < oo such that:

Ep; (7 (@0.4), T (@0)) < c(T)Ey*(wox, w0), Yk = 1. (46)

Forallk > 1, yz(a)o,k, wo) < (aJr)2 + (a’)2 (a.s.) and yz(wo,k, wo) — 0 (a.s.) as k — oo, thus Eyz(wo,k, wy) = 0
as k — oo, implying that

2
Ep, (7 (wo4). T(wp)) = E eigg o;l;lgr Y (@ ks 0g(r)) + ,3(9)} — 0ask — oo, (47)
where (o k)refo,7] = 7 (wo,k) and (w;)sefo,7] = 7 (wp). Therefore, V¢ € [0, T,
either Ey2(a),,k, w;) —> 0ask — oo, (48)
or Ey*(wk, w—) —> 0ask — oo. (49)

Moreover, processes from D([0, T], M(a*,a™)) can have at most a countable number of jumps, while for all
continuity points of (w;) the convergence of type (48) holds. Thus, by (46), for all but a countable number of points
in [0, T],

E sup (w,,k — wy, <p)2 —> Q0as k — oo. (50)
lellL<1

To see that (w;):e[0,7] 1S a solution to (3), let us look at the equation term by term.
By the Cauchy-Bunyakovsky—Schwartz inequality and Fubini’s theorem,

t

t 2
E {/ / (wsk — s, fC+Dh(s, ., 1) — f —Oh(s, 1) Vf)H(dk)ds} < t/ E (wsk — o, 1/fs>2ds,
0 JA 0

where we set

Vs (x) = fA Lf(x +0h(s,x, 1)) = f(x) = Dh(s, x, 2) -V f(x)] LI (). (51

Suppose we prove that ||| < const < co Vs € [0, T], then the limit (50) and the dominated convergence theorem
will imply: as k — oo,

t 2
E {/ / (wsk — s, fC+Oh(s, -, 1) — f —Oh(s, 1) - Vf)H(dk)ds}
0 JA

t t 2
< t/ E (w5 — s, ws)z ds<T const2/ E<ws,k — wy, Ys > ds — 0. (52)
0 0 l¥slic
Let us show that |||z < const < oo, Vs € [0, T].
|5 (x) — Y5 (2)] [ (x) — Vs (2)]
Il = sup 2O =B OL G 0 — @l + sup BB VD] (53)
X#z mln{l, |x - Z|} [x—z|>1 [x—z|<1, x#z |x - Z|

Consider the following Taylor’s representation for f € C"™(R?, R):

SRRV AC) BRN CER D (€))

fx+y)=f0)+ 1 +W+rm, (54)
with either an integral form of the remainder
1 1—« m—1
Fm = ( ) - V" f(x + ky)dk, (55)

o (m—=1)!
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or a differential form of the remainder

_ - fx+Ty)
N m!

- forsome 0 <t <1.

Here, y = (y1,32), v - V).f = 0155 + y255) />

092 = (n =2 ) s = [P =T o =] et
Y “\ox T %) T TP a2 T 05 0m Y x2S

Note also that

3% f(x)
(3x1)J1(3x2) )2

- 9)/|

IA

‘max_sup (0122112 + 07?)
J1+21=2 \ cR2

2
1703 (13" 1+ 1521) =207 s P

Then, on the one hand, for some 0 < 7 < 1, from (51) and the above inequality,

IA

Vs ()]

IA

ﬁZ
T /A [(h(s, x, 4) - V)2 £ |xteoncs,en I (dR)

A

< ﬂznfnb,g/A (s, %, DI T(@) < Do fllns < oo,
Vf e Cg (Rz, R). Since Dy doesn’t depend on s, then Vs > 0,

sup [ (x) — ¥y ()] < 2 sup |, (x)| < 2D202| fllp3 < 0.

[x—z|=1 xeR?

On the other hand, using the integral form of the remainder,

1
e(y) = /0 /A (s, v, 1) - (V) ey rcohisiry — V. F O lry) T (AR,

which implies that

1
Vo) — () = /0 /A B (h(s. y. 1) — (s, 2. 2) (V) lamysonisyy — V£ ) eey) 1T (d1)di
1
+ /0 /A (s, 2, 1) - (VL Oy bont s — V. (Oleceeonts.en) 1T (@1)dk

1
+ / /Al?h(s,z,)») A(VF@®)lx=z = VF @) lx=y) 1 (dN)dk.
0
For notational convenience let « stand for the function:
a=a(s,y, 2,k p, L) = pkOh(s, y,A) + (1 — p)kdh(s, z, A),
ie. Z+Kﬁh(s’ Z’)") +10(y _Z+Kﬁ[h(sa ya)‘-) —h(S, Zv)\')]) = Z+P(y _Z) +C{’

then, using the integral form of the remainder again, we write the equation (60) as:

Vs (¥) — ¥ (2)

1
— /0 /A c(h(s, v, ) = (s, 2, 1) - (G5, ¥, 2) - VIV L ey rednts.ni I () di
1 1
+ /0 /Aﬁh(s, Z,A) (/0 {0 —2) - VIVfX)x=z4p—2)+a — Vf(X)Ix—z+p(y—z))dp> II(dh)dx

1 1
e /0 /0 /A h(s.2. 3 - {(h(s. . 2) — (s, 2 2)) - VIV F (lsot p(y—srsa () dpdi
T +DB4T

(56)

(57

(58)

(59)

(60)
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for some 0 < t < 1, while the second term can be further written as:
1,1
7= f / /A (s, 22 - (1o - VH(Y = )+ VIV F()emssp(soypere) [T () dpde
0o Jo

1 pl
= /0 /0 /Am?zh(s, 2, A) - ({[ph(s, y, 1) + (1 = p)h(s, z, V] - VH(y — 2) - VIV f(x)) |x=x 11 (dX)dpdk

forsome 0 <t/ < 1,wherex :=z+ p(y —z2) + T/a(s, y, 2, &, p, A).
Note that Va = (a1, a2)’, b = (b1, ), ¢ = (c1,¢2) € R?,

2
b DIV) = 0 b + i (31) = ooy (1] E DT,
2
0% f(x)

b (- V)Vl < max (@x1)71 (dx2)22

3 up
lJ1+721=2 \ cR2

(1b1] + 12D ([er] + le2l) < 20bllelll fb.3-

Similarly,
611313 +a281282 0181232+a231822)c
alalz82+a281822 a181822+a28§' ’

3 f(x)
(0x1)71(9x2)72

b-((a'V)(C-V)Vf)=b’<

b+ ((a- V)(c- VIV )] < 2v2]allbl|c] max < 2v2allbllc]|| £ 1v.3-

J1+121=3  cr2

Then we get that

1
70 < 2020 f 13 (fo xdx)/Am(s,y,m—h(s,z,x)nh(s,y,wH(dm

A

2 2 % 2 %
< 91 flp3 (/A Ih(s, v, ) — h(s, 2, 1) H(dx)) ([A (s, y. )| H(dm)

Dy fllp5ly — zl.

For the second term we have:

IA

1 1
|Tz|szfz||f||b,3192/ / /Auh(s,z,m|ph<s,y,x)+<1—p)h(s,z,w|y—z|H(dx>dde
0 0

1
< fzﬁ2||f||h,3|y—z|/o /A{mh(s,z,m |h(s,y,x)|+(1—p)|h(s,z,x)|2}ﬂ(dx)dp
< V2D flpsly — zl.

And for the third term we obtain:

73]

IA

1
202 o3 (/O de>fA|h(s,z,x)|~|h(s,y,x)—h(s,z,x)|ﬂ(dx)

IA

D% fllpsly — zl-

Collecting all three terms, we get that Vs > 0

W5 () — ¥s (@D < 1Tl + Bl + T3] < |y — 212+ V2) D29 f s 3,
and, in view of (53) and (58),

1l < (44 v2) D2 fllp3 < 00,

1333

(61)

(62)
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where the constant on the right-hand side doesn’t depend on s. Therefore, the limit (52) is proved, namely,

Vf e C}(R%R),

t 2
E {/ / (ws,k —ws, fC+Oh(s, -, L) — f—D0h(s, -, A)- Vf)H(dA)ds} —> O0as k — oo. (63)
0 JA
Let us prove similar results for each term in the equation (3). Vy € R?, Vs > 0, let
Vsy(x) = /A (f(x +0h(@s,x, 1) — fO)) (f Y+ Dh(s, y, 1)) — f(y) I (dR). (64)
Then
t+ _ 2
E </ / (ws—k — ws—, FC+Dh(s, 1)) — f)N(dsdA))
0 A
t
—E / / (54 — w5, F+ Dh(s, - 1) — £ T (dA)ds
0 JA
t
= / Ef ((Us,k — Wy, 1ﬂs,y)(ws,k - ws)(dy)ds
0 R2
t
< [ £ [ lou = o T 1o - wd@ds
0 R2

t
<@t +a") / E sup |{@sx — g Do) ds.
0 yeR2

Let’s show that Yy € R%, Vs > 0, f € Cj(R%, R),

V5., ()l < const < oo, (65)

where the above constant doesn’t depend on s and y. Note that
Vs, ()] < /A 92 (s, 2,20 - V fLeeonis,en| |1 3, 2) -V Flyserones.yn] 1(d1)

< 29” max sup |3if(Z)|2f |h(s, x, W[ 1h(s, y, W] IT(dA)
=12 g2 A
i

1 1
<202 f1I} (/ |h(s, x x)FH(cm)Z (/ |h(s x>|zn<dx)>2 < 2D0%||f 117 (66)
= b3\ [, » Xy A » Vs e b3

On the other hand,
|$S,y(x) - 1Zs,y(z)|
< V201 flb3 /A [h(s, y, DI f(x +0h(s, x, ) — f(x) — fz+0h(s,z, ) + f(] 1I(dr)

1

< V200 flb3 </A (s, y, M) H(dk))z

1

X (/A | f(x + Oh(s, x, 1) — f(x) — f(z+z?h(s,z,/\))+f(z)|21:/(d,\)>2

1

=V2D20 | fln3 (/A |f (e +0h(s, x, 1) — f(x) = f(z+Dhis, z,0)) + [ @I U(d?»)) .

Vx,z € R2, Vs >0, using the integral form of the remainder, we have
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f@+0h(s,z,0)=f&x+0h(s,x, )+ @—x+0[h(s,z,2) —h(s,x,1)])

1
/ (V) e +0h(s,x, )4k z=x) 48 (h(s,2,0)—h (s, x, 1)) AK s
0

1
f@=fx)+E-x)- /0 (V) lxticz—x) di.

Therefore,

fx+9h(s,x,A) — f(x)— fz+Dh(s,z, M) + f(2)

1
=(z—x)- / B(s,x,2,A,k)-V)(VS) |x+K(z—x)+rﬂ(s,x,z,)u,/<)d’(
0

+ 9 [h(s, x, 2) — h(s, z, M)] - /01(Vf)|X+K(z—x)+ﬂ(s,x,z,A,K)dK, (67)
for some 0 < 7 < 1 and where for notational convenience we defined the function:
B(s,x,z2, A, k) =kOh(s,z,\) + (1 —k)Fh(s, x, A). (68)
Then

[f(x +Dh(s,x, 1) — f(x) — f(z+Dh(s,z,1) + f(2)]
1
< 2|Z _-x|||f||b,3‘/0 |,3(S,.X, Zs)VsK)|dK "’l9 ||f||b,3 |h(S,X,)\.) —h(S, Z, )‘)|

Therefore, by Minkowski’s inequality,

1
(/A |G+ Dh(s, x, 0) — f(x) = fz+ Dhis, 2. 0) + fQ) U(d)»)>2

1
1 2 2
<20z = xl1flIns (/A{/O Iﬂ(s,x,z,)»,lc)ldk} H(cm)

l
+9 01 £llp3 (/A Ih(s, x, A) — h(s, z, \)[? H(dm)

1

1 2 2
<20z = xl1flIn3 (/A{fo |K0h<s,z,x>+<1—K>ﬁh<s,x,x>|dx} H(cm) + 00 £llp3 v/ Dalz — x|

1
1 1 2 2
<2|z—=x|lfllp3 (/A {19|h(s,z,k)|/ KdK+z9|h(s,x,A)|/ (l—K)dK} H(dk))
0 0

+ 01 fllp3 v D2lz — x|

1
2
= Plz = xlIlfllp3 (/;1 {Ih(s, 2, W] + |h(s, x, MY U(d)»)) + 0 1fllp3 v D2lz — x|

1 1
<Pz — x|l fllp3 [{/Alh(s,z,k)lzﬁ(d/\)}z +{/A|h(s,x,x)|2n<dx>}2}

+ 0 1 fllp3v D2lz — x| <3y D2 fllp3lz — xI.
Thus,

W5y () = U5y (@)| < 3V292 D2l f112 512 — x]. (69)
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Therefore, Vs > 0,Vy € R2,

sy Ol < sup [Fry@) — oy @]+ sup [Ver @) = ¥y @)

lx—z|>1 |x—z|<1,x#z |x — z|

202Ds| fllp,3 + 33292 Dy f1I3 5 = const < oo, (70)

IA

where the above constant is independent of the choice of y and s. Thus,

sup |(ws.k — ws. @\S,y>| < const sup |{ wsx — ws, iﬁ# ) (71)
yeR? yeR? 1¥s,ylle
Therefore, we conclude that
t+ - 2
E ( / / (0ot — @es F + D5 1)) — f)/\/(dsdk))
<@ +a )/ E sup ’wsk wsﬂl/}s,y”ds
yeR2
1
—~ 2\ 2
< const(a™ + a_)/ E sup { ws x — ws, Efi ds — 0as k — oo, (72)
yeR? ||1ps,y||L
by (50) and the dominated convergence theorem. As a result we have that Vf € C 2 (R%, R),
t+ - 2
E (/ / (ws—k — ws—, FC+Oh(s, -, 1)) — f)N(dsdA)) —> 0as k — oo. (73)
0 A
Similarly, for j = 1, 2,
t ] 2 t )
E(/ / (w5 k — wy, T'(-,0)9; f) Wf(dsdu)> = E/ / (w5 k — wy, T'(,0)0; f) dsdv
0 JR?2 0 JR?2
t
- /0 eff ( fR T, v)dv) 87 (09 £ () (@4 & — 0)(d0) (@  — @) (dy)ds
t .
= [ 0,50 {00 = 0n ) s = w0,
where we set
(pf,y(x) =0 f(x) /R2 I'(x,v)(y, v)dv. (74)

Then it is easy to see that Vs > 0, Vy € R2, ||<p§‘, y()llL < const < oo, where the constant on the right-hand side is
independent of s and y. Therefore,

2
E </t/ (ws,k —wy, I'(., U)ajf) Wj(dsdv)>
o JRr2

t .
= / E/ sup |ajf(z)||(ws,k — Wy, (pg,yﬂlws,k — wy|(dy)ds
0

zeR2
J
Ps,y
Ws k — Wyg, I
”(05,)/ ”L

t ,
J
< ||f||h,3/ E/||<Ps,y||L
0
J
Ps,y
Wy k — Wy, 7
”‘ps,y”L

|lws k — ws|(dy)ds

ds

'
< const (at + a7)||f||b,3/ E sup
0 yeR2
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1

t (pj 2
- 5,
<const (a* +a )||f||b,3'/ E sup { ws r — ws, ; 2 ds — 0,
0 yeR? ”‘ps,y”L

as k — oo, by (50) and the dominated convergence theorem.
Therefore, ¥ f € C}(R%,R), j = 1,2,

t 2
E ([ /2 (ws.k — w5, T'(,0)0; f) Wj(dsdv)) —> 0ask — oo. (75)
0 JR

Also,Vf € C;’ (]Rz, R), we have ||Af||L < ¢ < oo, for some constant ¢, so that

E (/Ot (s k — wy, vAf)ds)

2 t
< t/ E(a)x,k — wy, vAf)zds
0

t
< Tvzcz/ E sup (wsk — oy, go)z ds — 0as k — oo. (76)
0 lellL<1

Moreover, by the choice of Ks(-) we have that Vs > 0,
|(Usws) - V fllL < const < oo, (77

for some constant const. Thus, by the dominated convergence theorem and (50),

E (/ <ws,k — wy, (Uswy) - Vf)ds>
0

2

IA

t
2
t/ E(a)s,k—ws,(Uga)sny) ds
0

IA

t v 2
Tconst2/ E wSk—wx,M ds — Oask — oo. (78)
0 ' |(Usws) -V £l

Finally it is easy to show that

t 2 t
E( / <ws,k,(ans—ans,k)Vf)ds) <1 / E iy — g k. 65 ds. (79)
0 0

where

¢s(y) = /Ka(x —¥) - Vf@)ws(dx) (80)

and, Vs > 0, ||¢s]|z < const < oo, where the constant doesn’t depend on s and k.
Thus, by the dominated convergence theorem and (50),

t 2 t 2
E (/ (., (Uswos — Usw ) - Vf)ds> <T const2/ E<a)s — Wy ks L> ds — Oask — oco. (81)
0 0 llgsllz
Vf e C3(RAR) let
t
FLf1 = {on, f) — (w0, ) — /0 (s, (Usws) - V f +vAf) ds
t
— / / (wg, fC-+Oh(s, L) — f—Dh(s,-,A)-Vf)II(dr)ds
0 JA

2 t t+ ~
—«/EZ/ /2(“’3’”" v)d; f) W (dsdv) —/ / (@s—, [+ Oh(s, -, 1) — f) N(dsdn).
j:1 0 R 0 A

(82)

Define F; [ f1in the same way as F;[ f] but with e x in place of w,. Note that F; ([ f] = 0, since Yk > 1 (w; k)re[0,7]
is the solution to the Eq. (3) with the initial condition wo x € L2 ({2, /\/lp(a+, a~)), where we took y (wo x, wp) — 0
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as k — oo a.s. Then, by (50), (63), (73), (75), (76), (78) and (81), Vf € Cg’(Rz, R) and for all continuity points
t € [0, T] of w; (thus, almost everywhere on [0, T]),

E(FLfD* = E(FLf1— FlfD?

S 8 {E(a), — a)l,k, f)2 + E(wo - wo,ks f>2

2

t
+E (/ <ws —ws k, (Uswg) -V f+ VAf) dS)
0
t 2
+E (/ (s ks (Usws — Usws ) - V f) ds)
0

t 2
+E (/ / (ws — wg ks G4 Dh(s, - 1) — f —Fh(s, -, A) - Vf)ﬂ(d,\)ds>
0 JA
2 t ) 2
+2v ZE </ fz (wy — wg i, I, )05 f) W/ (dsdv))
= 0 JR

t+ ~ 2
L E (/ /A(ws_ — st [+ Dh(s, 1)) — f)N(dsdm) } o,
0

as k — oo. Since the left-hand side of the above inequality doesn’t depend on k, then Vf € Cg (R?,R) and all
continuity points ¢t € [0, T] of F;[f], we have E(F,[f])2 = 0, which in turn implies that F;[f] = 0 (a.s.). Since
(F:[fDrefo, 7 is cadlag, then for all f € C}(R?, R),

F[fl=0 as., (83)
thus, (wr):ef0,77 1s a strong (in the stochastic analysis sense) solution of the vorticity model (3). O

Diffusion approximation to the stochastic Vorticity model. Let /1" be a sequence of o-finite measures on the
measurable space (4, &). Let N, n = 1,2,---, be Poisson random measures on R* x A, independent of W,
with characteristic measures II" on A; N (t, B) = N"(t, B) — tII"(B) are the corresponding compensated
Poisson measures forn = 1, 2, - - -. Denote by L, (§2; D([0, T], M (b))) the space of square integrable M (b)-valued
cadlag stochastic processes. Fix an arbitrary collection of nonzero constants {a,-}lN: | such that Za;>0 a; = a™ and
Za,«<0 a; =—a  andat —a~ =b. Let {5:;‘(")”1}5\7:1 (n=1,2,...) be R%-valued Fo-adapted random variables, such
that

N L2
sup ) E 60| < oo, (84)
=1
and independent of the o -fields generated by given W and {N"},>. Let {h" (¢, y, A)}»>1 be a sequence of measurable
functions from [0, T] x R? x A to R2. Moreover, assume that V¢ € [0, T], the map y € R? h(t,y,:) €
L>(A, IT"; R?) is continuous and the continuity is uniform in 7. Let us also assume that there exists a positive constant
D» (independent of n) such that:

/ 12, y1, 1) = W' (1, y2, |7 TT"(d3) < Dalyr — y2l? for Vyi, y2 € R%, V1 € [0, T1,¥n > 1, (85)
A
and

/ |W"(t, y, M)|?IT"(dL) < D, fory € R%, Vi > 0,Vn > 1. (86)
A

Theorem 3. For each n € N, let (a)l "te(0.1] be the empirical signed measure-valued process, as in Lemma 2,
associated with the evolution of N point vortices given by (11) and (12) but where h is replaced with h" and N is
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replaced with ./\7", and the initial positions are taken to be {S(i)'”}f\lzl. For eachn > 1, (a)tlv’n),e[oj] is a solution of
the following nonlinear jump-diffusion model: V¥ f € C 2 (R%,R), Vt € (0, T),

d{wy, f) = (o, VAF + (Uswy) - Vf)dt-l—//l(wt, fC+OR Y, 0) — f—0h" (@, -, 1) - VYIT"(dr)de

2
+@Zfzw,,F(.,v)ajf>W,-(dzdu)+/A<w,_, FC+Oh" (@, -, ) — AN (dedr), (87
j=1"R

with the initial condition: w;|;—y = Z,N:I a; 85(,-),,,. Assume that there exists a measurable map H : RT x R? — R?
such that vVt € [0, T], ¢ > 0 and compact subset Co C R? we have

lim sup II" {x € A: |n"(t,y, V)| > c} =0, (88)
n—00 yecy
lim  sup / R (e, y1, A (Rt y2, 0) AL — H(t, y) (H (2, y2)) =0, (39)
"0y, el 14 2x2
2
. Cl1 €12
where norm || - is defined as = Cij
( I+ ll2x2 is def (621 sz) . WZZI | ,,|>
and
. 2
lim sup / ’hn(l‘, y, )»)’ I{\h”(t,y,x)\zM}Hn(d)‘) =0. 90)
M_’ooyeco,neN A
Moreover, suppose & —£> ED gsn — oo foreachi = 1,..., N, where {E(i)}fvzl are JFy-measurable square-

. . . L, s e o
integrable random variables independent of W. (Here ‘=’ denotes convergence in distribution). Then

L
a)N’”—>pLN asn — oo,

where ,uN = (M{V)IG[O,T] € Lo({2; C([0, T], M(b))) is a solution of the following diffusion type SPDE: Vf €
C}(R%,R), Vt € (0, T),

e
d{ur, f) = (e, Uspy) -V f +vAf)dr + <m, - Z (H(t,-)(H(t, ~))/)k18,3,f>dt
k, =1
2 .
+ @Z/z (wes D¢, 0)0; f) W (dtdv) + 9 (e, H(t, ) - V) dB(1) 1)
=17k
with the initial condition:
N
pili=o =Y aidzw, 92)
i=1

where B = (B(t));>0 is a one-dimensional standard Brownian motion, independent of the Brownian sheet W and

gL,

Proof. Forn > 1,let X" = (x{(1),...,xy (t))te[O,T] € Ly(12; D([0, T], R?M)) be the unique strong solution of the

stochastic system: V¢ > 0,i =1,..., N,

¢t N

A0y = g0 + /0 D aiKs (D7 (s) = x D7 (s))ds
J

1

t 1+ -
+\/5/ / I'(x(i)’”(s),v)W(dsdv)—l-ﬁ/ /h”(s,x(i)’"(s—),A)N"(dsdk). (93)
0 JR2 0 A
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. L . .
Then, by Theorem 8.3.3 in [12], X" = Y as n — oo, where Y = (yV(2), ..., y™ (£));[0.7] is the unique strong
solution of the stochastic system:

t N t
v =0+ /0 > aiKs (3P (s) =y ()ds + V2w /O /R TOV), vWdsdv)
j=1

t
+19/ H(s, y?(s)dB(s), t>0,i=1,...,N. (94)
0

Then, by 1t6’s formula, ;L;V (dx) == ZlNzl ai8 ;) (dx) is a solution to (91) and (92). Define a metric
pv (i, n*) = inf { sup V(ies g p) +ﬂ(9)}, Yu, w* € D([0, T1, M(b)).
6O 0<t<T
Let &V be the map from (D([0, T], R?N), py) into (D([0, T1, M (b)), py), defined by:
N
N (x) = (Zaisxw) o Vo=, .. x™M@) e D0, T, ®HY).
i=1 t€[0,T1]

It suffices to show that ¢ is continuous, since the latter, together with X" £> Y, implies that PN (xm) £> N (Y) by
the continuous mapping theorem.
Vo = @V, xMO)ero 1, v =0V@, - YV D)o, 1) € DO, T, R?Y),

N N
pv (BN (x), oV (y)) = ging ! sup V (Z i 8 (g Zaifsy(i)(g(t))) + ,3(9)} ,
i=1

€ 0<t<T i=1

where
N N

V(2o @idiows D_aidyoeu | = sup
i=1 i=1

lellz=1
N
< sup Z lai
lellz=<1§=7

N
> ai [ ) - go(y“)(e(r)))]‘

i=1

N

o) = VOO = max@t,a) D KO0 - YOO,
i=l

Thus,

pv (2V @), 2V (v)

IA

N
inf: sup max(at,a”) (Z |x<">(t>—y"’)<9<r>>|> +ﬂ(0)}
i=1

fe® 0<t<T

IA

max(a®,a”, I)pyn(x, ).

And we obtain that ¢V is a continuous map from the metric space (D([0, T1], R2N ), pn) into the metric space
(D([0, T], M(b)), pv). Therefore, the required result follows. O

5. Conclusions

In this work we provided the background for stochastic partial differential equation modeling for the vorticity of
a two-dimensional incompressible homogeneous viscous flow. Specifically we showed how to construct a class of
solutions to the vorticity SPDE (which is a nonlinear measure-valued jump-diffusion) arising from the interacting
particle system perspective and obtained a continuous diffusion approximation to it by controlling the magnitude and
frequency of jumps.

Direct comparison of our SPDE (3) with the (regularized) Navier—Stokes model (10) reveals that, in the absence
of jumps (6 = 0) and under the appropriate conditions on the stochastic terms in the equation, the model provides a
natural stochastic approximation to the classical (deterministic) Navier—Stokes model. On the other hand, if one were
to explore the impact of jump-discontinuities in the context of mean-field limit results, the resulting deterministic
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evolution equation will have the form of the classical Navier—Stokes equation but with an additional “correction”
term. Since the classical Navier—Stokes equation loses its predictive power for large Reynolds numbers, the idea
of having extra “correction” terms in the deterministic Navier—Stokes model appears well worthy of further study.
Finally stochastic vorticity equation provides a natural alternative to the Navier—Stokes equation (in its velocity form)
perturbed by external random forces and, being partly a product of numerical point vortex methods, is expected to be
more computationally tractable.
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